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PREFACE 
TO THE FIBST EDITIOM. 



In prMonting Ihis volume (o the Public, I would not claini to 
hkve unfolded many new principles of Aloebrai 1 only claim to 
have judiciouiily combined and arruiged principles already known. 
'By coronKDCif^ thii work with the moit elementary parii, and 
gradually ascending to the mure complicated, I have deaigoed to 
adapt it to the wants of students of every grade. 

While I acknowledge, that, in general, the principles have long 
been known, I think I am juitifiable in claiming some of the methods 
of operation as original. 

Thia work will be found to contain, for the first time, I believe 
in any American itchool book, a demonstration and application of 
Stush'b Tiirohi^h; hy the aid of which, we may at once deter- 
mine the number of real mo's, of any Algebraic Equaiiiin, with 
nuch more enie, than could be done by any previously discovered 
iMlhods. 

The method of finding the numerical values of the roots of 
cubic and higher equations, as fully explained under llie last chapter, 
vill, no doubt, be new to many, and interesting to all lovera of this 
tcience. It is particularly interesting on account of the ease with 
which it rexrfves itself into the method of extracting any root of a 
Builll>er, as explained in my Uigiikb Arithmetic. 

It would be extremely difficult to point out the exact sources 
from which ! hiive drawn for this work, and even could I do so, these 
principles have been so long in use, we could not wilh safety say 
when, and with whom, tbey each originated. While I acknowledge 
the aid of many works on this science, I wonid give by far the 
greatest share of credit, to Die ei^lh edition of BonaDON's most 
excellent treatise on Algebra. 

t/tica, July. 1842. GEORC.E R. PERKINS. 
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PREFACE 

TO THE SECOND EDITION. 



Tub pTBHnt Edition has been veiy carefully ReviMd and 
cooMderably Ekilar^. One eotira Chapter on the subject of Cosr- 
TiRUBD Fkactioits, nhich are treated in quite a general manner, 
liaa been added. The subject of Rccvbbiho Sehikb has been 
re-wriUen, and much BimpliJied, and many other chants, which 
we deemed to be improvemeDta, have been introduced. 

Having almost daily made use of this work in my Classes, linca 
its Publication, and always having had in view tha changes which it 
would be desirable to make, in order to improve the work, we feel 
that we are now prepared to present the present edition as quite an 
improvement upon Ibe first. It is believed it will be found to con- 
lain a pretty full and complete development of all the various sub 
jects of Algebra, usually taught in our Colleges. 

As we have already prepared a smaller work, especially designed 
for primary schools, it has been our aim to adapt this Treatise to 
the wants of the more advanced Schools and Colleges. 

Oiica, January, 1847. GEORGE R. PERKINS. 
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TREATISE ON AliJEBRA- . 



CHAPTER I 

DEFINITIONS AND PRELIMINARY RULES. 



{.^rUcU 1.) Ai^EBftA it that branch of Mathonatics, in 
which the calcalations are performed by means of letters and 
Hgnt or »i/mbol3. 

(3.) Id Algebra, quantities, whether given or required, 
are usually represented by letters.' The first letters of the 
alphabet are, for the most part, used to represent known 
qnantitiea ; and the final letters ar* used for the unknown 
quantities. 

(3.) The symbol =, is called the ngn of Eqtialiti/ ; and 
denotes that the quantities between which it is placed, are 
equal or equivalent to each other. Thus |1 ^ 100 cents, 
which is read, one dollar equals one hundred ceittti. Again, 
a = ft, which is read, a equals b. 

(4.) The symbol -)-, is called |>/u#; and denotfts that the 
quantities between which it is placed, are to be aMed 
t<^ether. Thus, a + b — c, which is read, a and b added^ 
equals c. Again, a-\-b + c=:d-\-Xf which is read, a, 
h and c added, equals d added to x. 
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10 DEFINITIONS. 

(5.) The symbol — , is called minits ; and denotes that 
the quantity which is placed at the right of it is to be sub- 
tracted from the quantity on the left. Thus, a — i = c, 
which is read, a diminished by b equals c. 

(6.) The symbol X , is called the sign of miUHplicatum; 
and denotes that the quantities between wbicb it is placed 
are to be multiplied t<^ether. Thus, a X h ^ c, which is 
read, a multiplied by ft, equals c. Multiplication ia also 
represented by placing a dot between the factors, or terms 
to be multiplied. Thus, a . ft is the same as a X ft. Another 
method, which is used as frequently as ^ther of the above, 
is to unite the quantities in the form of a word. Thus, abc 
is the same as a X ft X c, or a . ft . c. 

(7.) The symbol -r-, is called the sign of dtvUion ; and 
denotes that the quantity on the left of it ia to be divided 
by the quantity on the right. Thus, a -r- ft = c, which is 
read, a divided by ft equals c. Divimon is also indicated by 
placing the divisor under the dividend, with a horizontal 

line between them like a vulgar fraction. Thus, - is the 

same as x -^ y, 

(8.) When quantities are enclosed in a parenthesis, brace, 
or bracket, they are to be treated as a ample quantity. Thus, 
(ffl + ft) -r c, indicates that the sum of a and ft is to be divided 
by c. Again, {x — y) -^a^[a: — y]-i-z:= Jx — y}-T-2» 
each of which expressions is read, y subtracted from x and 
the remainder divided by z. The same thing may also be 
expressed by a bar or vinctilum. Thus, x — y -i- z, which 
is read the same as the last three expressions. 

(S.) The symbol >, is railed thesign of tnei^a/iVy; and 
is used to express that the quantities between which it is 
placed are unequal. Thus, 6 > o indicates that ft is greater 
than a ; and ft < c denotes that ft is less than c. 
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UEFIKITIOm. 11 

(10.) When a quantity is added to itself several times, as 
e + c + c + c, we need write it but once, by placing before 
it a number to show how many times it has been taken. 
Thus, c-\-e + c+c=:ic. The number which is thus 
placed before the quantity is called the coeffideni of the 
quantity. In the above example, 4 is the coefficient of C. 
A coefficient may con^st, itself, of a letter. Thus, n is the 
coefficient of x in the expression nx; so also may x be 
regarded as the coefficient of n in tiie same expresaon. 

(11.) The continued product of a quantity into itself is, 
usually, denoted by writing the quantity once, and placing 
a number over the quantity, a little to the right. Thus, 
a X a X 1 is the same as a*. The number thus placed over 
the quantity, is called the exponent of the quantity. Thus, 
& is the exponent of a in the expression a*, and denotes 
that a is to be multiplied into itself, as a factor, five times. 

(12.) When a quantity is multiplied continually into 
itself, the result is called a fomer of the quantity. Thus, a* 
is the tixtk power of a, and a* is the third power of a, the 
exponent always indicating the degree of the power. 

When a quantity is written without any exponent, it is 
understood that its exponent is a unit. 

Thus, a is the same as a', and (x -)- y) X m is the same 

(13.) The symbol v/, is called the ra^ai tign; and 
denotes that a root of the quantity, over which it is placed, 
is to be extracted. Thus, 

V) or ffln^ily -^ X, denotes the square root of x. 

V ic draotes the cube root of x. 

V X denotes the fourth root of x. 

The number placed over the radical is called the tndex 
of the root. Thus, 2, 3, and 4 are, respectively, the tndicM 
of the square root, cube root, and fourth root. 
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12 DEFINITIONS. 

(14.) A root of a quantity may also be represented by 
means of a fractional exponent. Thus, the square root of a 

is a'; the cube root of a is a'; the fourth root of a is a ; 
and so on for other roots. 

By the same notation, a^ is the cube root of the square 
of Of or the square of tbe cube root of a. For the same 

reason a' is the fifth root of the third power of a, or the 
third power of the fifth root of a. 

(15.) The rtciprocal of a quantity is a unit divided by 
that quantity. Thus, - is the reciprocal of a; also ^ is the 
reciprocal of 3. 

(16.) The symbol .'., is equivalent to the phrase, there- 
fore, or cotisequently. 

(17.) When algebmc quantities are written without any 
sign prefixed, the sign plus is understood, and the quantities 
are said to be positive or affirmative ; and those haying the 
sign minus prefixed are called negative quantities. Thus, 
a = + o, ft = + 6, are each positive quantities ; whilst 
— o, — 6, are negative quantities. When the Mgn — , is 
prefixed to an isolated term, as — a, — 6, it is not to be 
considered as a symbol of operation, but as a symbol of 
condition, merely showing that a and b are in a state or 
condition directly opposite to that denoted by + a and -\- b. 
Thus, if tbe degrees of the thermometer above zero are 
called +, then those below must be called — . 

(18.) An algebraic expression composed of two or more 
terms connected by -f- or — , is called a polynomial. A 
polynomial composed of but two terms, is called a (tno- 
mio/ ; one composed of three terms, is called a trinomial. 
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DEFIMITIOMI. 



3. + 46, 1 
W-3!,,[ 


„e 


biDomiala. 


3o' + 46 — 
4m — s + 
6s —I + 


si 


1 

• Bre trinomials. 

) 



(19.) Each of the literal factors which compose any tenn, 
is called a dimension of this term : the degree of a term is 
the number of the dimensions or factors. Thus, 
7a, } are terms of one dimension, or of 
5b, I the first degree. 
5ax, } are terms of two dimenuons, or 
5xy, ^ of the second degree. 
la'b* = laabbbf } are terms of 6ve dimenuonfl, or 
Si" := SxxxxXj J of the fifth degree. 
(20.) A polynomial is said to be fiomogeneouty when all 
its terms are of the same degree. Thus, 

3a — 5x 4~ 2y, } are homogeneous polynomials of 

b — y -j- m, ^ the first d^ree. 
4a' -f- 2x* — ly, ) are homogeneous polynomials of 
lam — c' + a', \ the second d^;r£e. 
So^fc* — 6a* — 4a:*y, ( are homogeneous polynomial! 
Za'b — 6* + 4o*A«, J of the fifth degree. 
(21.) Any combination of letters, by the aid of algebraic 
signs, is called an algebraic expression. Thus, 

- } is an algebraic expression, deaoting seven times 
'J the quantity x. 

iis an algebraic expression, denoting that 
the quantity a is to be squared, and then 
added to three times the square root of b. 
fa -4- U* \ '^ ^" algebraic expression, denoting that 
^ T <W > J the sum of a and i is to be squared. 

The algebraic expression (a -\- 6)(a — 6) ^ a* — 6', is 
read, the sum of a and fr, multiplied by the difference of a 
and ft, equals the difference of the squares of a and h. 
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14 DEFINITIOKB. 

(22.) We will give some identieal algebraic expressions, 
which may serve to exercise the student in reading algebraic 
formulas. 

(o + J)» = o' + 2aS+i'. (1) 

(n — 4)"=o' — 2«i + i". (2) 

(« + *)'+(<■-»)'= 2a' + 2»'. (3) 

i (» + ») + )(—») = «• W 

i(a + i)-H— «) = *■ (6) 

Expression (1) is read, " the square of the sum of a and 
i is equal to the square of a, plus twice the product of a 
and b, plus the square of b." 

Expresnon (2) Is read, " the Bquare of a diminished by b 
is equal to the square of o, minus twice the product of a 
and b, plus the sqiiare of b." 

The student should read the remaining expressions for 
himself, and should also form other expressions, which be 
maj in like manner translate into common language. He 
should also substitute particular values for a and 6, in the 
above expressions, and see if the results on both sides oi 
the equations are identical. 

Thus, the above expressions become, when 
a ^ 2, and 6 = 1. 
(2+l)-=4+4 + l=9. (4) 

(2 — 1)» = 4— 4+1 = 1. (2) 

(2 + 1). +(2—1)"= 8 + 2=. 10. (3) 

i(2+l) + i{2-l) = 2. (4) 

U2+l)-J(2-l) = l. (5) 

If ffl;=J,and i= J, they will become 

(i + S)'=i + i + ) = H. (1) 

«-i)' = i-S + ( = .V- (2) 

(l + i)" + (l-l)'=i+i = li. (3) 

lCI + 0+l(l-l)=l- (4) 

Ui+i)-!(l-i)=i- (6) 

In this way the student should be exercised, until be be- 
comes familiar with the nature of algebraic expresaons. 
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ADDITIOK. 



ADDITION. 

(23.) Addition, in Algebra^ is findUig the simplest ex- 
pression for several algebraic quantities, comiected by -|- 

Suppose we wish to find the Bum of 

3a*fr + 7o»ft — lOa'b + iaV> — 5a'b — 2a'b. 

We first seek the sum of the positive quantities, by pla- 

ung them under each other as in arithmetical addition, thos, 

+ 3a'6 
+ 70*^ 



+ 14a'6 := sum of the poutive terms. 

Proceeding in the same way with the negative terms, we 
find 

— lOa'6 

— ba'b 

— 3a'b 



~ V7f^b = sum of negative terms. 



Therefore Uw total sum \s-\-Ua*b—naV> =—3a^h. 

We could proceed in a simitar way for expression! of a 
like kind. 
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CASE I. 

(24.) When the quantities are alike but have ualike si^s, 
we have this 

RULE. 

I. Place the different termt under each other, add the 
coeffidtrUi of the potitive quantities into <me sum, and the 
coe^cients of the negative quantitia into omrfAer. 

II. Subtract the hTsafrom the gkeater. 

III. Prefix the sign of the greater sum to the remainder, 
and annex the common letters. 

EXAMPLES. 

1. What is the sum of 

2abx—labx — 2abx + 12o&c + ahx~3abx1 
Zabx 
IZabx 
abx 



ISabx = sum of positive terms. 



- iStahx = sum of negative terms. 



Therefore 15«bx — I2abx = 3abx =: sum total. 
2. What is the sum of 

lamn — 3a?nn + 2amn + 5amn — lOomn 1 

Ans. amn. 
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-AI»1T10K. 17 

3. What is the sum of 

49(KEy— 37aBy — lOoary + IQOojy—laxp +iaxy ? 
Ans. 99axy. 

4. What IB the sum of 

Ans. 8%/ax. 
6. What is the sum of 

4ay/h — 5ab^ + 41avb — ^ab^ + 10ab^7 

Ans. 43o6*. 
6. What is the sum of 



Ans. 9a'6'. 



13a V + 6o* Vfc — 20a'6* + 10fl*6* ? 



7. What is the sum of 

llaW* + oW — 20oW + ea*** V« ? 

Ans. — 2a*6'V*- 



(25.) When both quantities and aigas are unlike, oi some 
like and others unlike. 

RULE. 
I. Find the tttm of the like termt as in Case I. 
n. 7A«n write the sums me after another, «nth their 
proper signs. 

EXAMPLES. 

1. What is the sum of 

3ffli— 2«6 +4iy— Sax -|- 3ij^ + 7ai— 2jry + Gax t 
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3ax 
-2az 



lax ^ sum of tbe tenas contuning oz. 



7at 



fijii = sum of the tenns containing ab . 



4«y 

6zy = turn of the tennB containing xy. 



Therefore 7a« + 6B6 + 6»y = total sum. 

S. What ia the sum of 

2a*a; — Soi" + Sa& — 7o»* + 4<tr* — 8afi — 6a'i 
+ Idax* + 12«i ? 

2ffl*i— 3aa:*4- 2afr 
— 7a'i4- 4ax»— &i« 



Ans. — llfl»x+ll<ij»+ 6a6 



3. 4. 

3o»6*— 7«M+5(wy 4ain — 3flJ»'— 6o6 

-7o'6* — 2a6* — axy — 7am + 4am* + ab 

8a*h*+ o6* — 7axy —gam— lOom*— 6flft 

«i*6»— lOai* + Zaxy am + o;«* + 20o6 



6«»M— 18<i6* —lOojR— 8am' + ! 
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a^S—Ha+m) 



7. 

o(o+4)+ 3^0 — 1 

~4o(ii+i)— 10^^o — X 

— 7o((i+i)— 4v'a— I 

2ffl(a+6)+ ev^fl^x 

— 8fl(a+i) — Q^a — X 



— 2» 



y+2mv'a+ 3 
y-^-tm-ya — 7 
y — m^o — 10 
J + 3m-/a+ a 



6x y — 4m^a — 1 
21a: y — 7m^/a— 13 



— lli*i»'— ei'm' 
14i'i»*+ 6i*i7i* 
— 7i*m»— 12«*»i* 



10. 

24 + 8l + 6y 
34— 8l — 4y 
—74— 3x— y 
84 + lOi + 3y 
94— I— y 



-3»'m*-12i*«* 164+ 6i + 3y 



11. What is the mim of 3ag + 6am — 9xy + 3a4 — ly 
+ iag + 10am — 7ary — 6o4 +5xr/ + iag — 13om ? 

Ans. llag -i-dam — 1 2jy — 3a6. 
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12. What ia the sum of 4a'x — 5ii*y + 7am - 
- lOa'y — 4am + 9o»y — la'x — 13am + 6a*y — 
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SDBTHACTIUN. 



SUBTRACTION. 

(36.) SuBTaACTiOH, in Algebra, is the finding the sim- 
plest expres^on for the difference of two algebraic expres- 
sioDS. 

If we subtract the positive quantity b from a, we obvi- 
ously obtain 

o — 6, 
which is the same as the addition of a and — b. 

Again, if we wish to subtract i — c from a, we obtain 
by subtracting ft from a, a — 6, but we have subtracted too 
much by the quantity e, therefore adding c, we get 

a — t +■ c, 
which is the same as the addition of a and — h + c. 

From tlus, we see that subtracting a quantity is the same 
as adding it after the signs aie changed. 

Hence, for the subtraction of algebraic quantities we 
have this 

RULE. 

I. Write the terms to be mbtracted under the timUar 
ternuj if there ore ony, of thotefrom wMch M«y ore to be 
tubtracted. 

II. Conceive the tigns of the terms of the polynomial to 
be subtracted, to be changed, and then proceed as in addition. 
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aUBTHACTIOir. 



EXAMPLES. 



From lac — 3a6 + d' From 8amx — ixy-^- 5y* 
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■uanACTioN. 9S 

11. From 6a»i -^ X take Sam -^ y. 

Adr. Som-f-x — y. 

12. From Za^in—Qx^y*+2xy take 4o»?n -f- ei'y* + 5iy. 

Ana. — a*»n ~12xV — 3iy. 

13. FromSomi — 43 + 1— y+27dtake 15»+7g-— 3 
+4y — 8rf-|-7<inii — x-^pq — r». 

Ans. — iamx — 10-|-27 — 6y -^-BSd — 15»— 7y — Pf+r*. 

14. From a + 6 take a — 6. 

Ans. 2b. 
(27.) We can express the subtraction of one polynomial 
from another, by writing the polynomial which is to be Bub- 
tracted, after enclosing it within a parenthesis, immediately 
after the other polynomial from which it is to be subtracted, 
observing to place the negative ngn before the parenthems. 

Thus, «* — ftry+3am — C4a64-33T + <"») 
denotes, that the polynomial enclosed within the parenthesifl 
is to be subtracted from the one which precedes it ; and since, 
by (Art. S6), to perform subtraction, we must change all the 
ngns of the terms to be subtracted, we may remove the pa- 
rcnthens provided we change the signs of the terms which it 
encloses : and conversely, we may enclose any number of 
terms within the parenthesis, with a negative sign before it, if 
we observe to change the signs of the terms thus enclosed. 
lo this way we can transform the expression 
a'b~\-xy—lam—{mx-\^—\Z!^), 
into 

a*h-\-xy — Tom — nuc — 6-|-13x», 
into 

^ + iy_(7am+m« + e— 13i«), 
into 

«ij_(_a:y4.7«m + OTi+6— lar^, 
into 

«'fc + j!j— 7aM — «x — (6 — ISi*). 



fzedb/Goo^Ic 
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ML' LTt PI.ICATION . 



Hence, we sec that — 6, when multiplied by — d, produces 
the product + f>d 

If we wisbed to multiply a by — 6, it would hardly be 
correct to say, that we are to repeat a minus b times ; for 
a quantity cannot be repeated a minus number of times. 
But when we wish to multiply a by — 6, we evidently 
wish to repeat a as many times as there are units in b, and 
then to give to the product the negative sign ; that is, wheu 
the multiplier is negative, we must multiply as though it 
were positive, and then give to the product a contrary sign. 

Appljring this principle to the case of — a multiplied by 

— b. We know that — a multiplied by + i gives — ab 
for the product^ therefore — a multiplied by — 6 must 
give the same product taken with a contrary sign ; that is, 

— a multiplied by — 6 must give -\- ab. 

(29.) From all this, we discover, that the product will 
have the sign +, wAen both factors have like signs, imd the 
product will have the sign — , when the factors have con- 
trary signs- 
It we wish to multiply 3a*b by 4tt'4', we observe that 
30*6 = Sfflfflfc 
4a*&^=4aaa&fr 
Hence, the product will be 

2aab X iaaabh = 12aaaaabbb = I2a'6*. 
Here we discover that the exponent of a, in the product, 
is equal to the sum of the exponents of a in the factors ; 
likewise the exponent of 6, in the product, is equal to the 
sum of the exponents of 6 in the factors. 

(30.) Hence the product of several letters of different ex- 
ponents is equal to the product of all the letters, having far 
exponeTtts the sums of their respective exponents tn the fac- 
tors. 
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MULTIPLICATIOM. 



9. Multiply 7»tV/p' by Bmn^*. 



Ans. — -i*y*=*- 
Ans. 42m"M '•»'*. 



CASE II. 

(33.) Polynomials may be multiplied t(^ther by the fol- 
lowing 

RULE. 

I. Multiply all the temu of the multiplicand svccet- 
rively iy each term of the multiplier j and obtene the tame 
rtdtafor the signs and exponents as in Case I. 

II. When there arise atveral partial products alikty they 
must be placed tmder each other, and then added together 
in the total product. 

(34.) The total proiluct will be the same in whatever 
order we multiply by the tenus of the multiplier, but for 
the sake of order and uniformity, we begin with the left- 
hand term. 

CZAHFLICa. 

1. What is the product of 3«* — 6ax-f-y by 3fl — m? 

OPERATION. 

3a* — 6ax-\-y 
3a — m 



Ans. 9a* — \8a*x-\-^y — 3ii'm-f-6oiM — my. 
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Sa HULT[FLICATIO>. 

2. What is the pro«lucl of 6x»~3y»-j-fl by i«— 2.v»- 

OPERATION. 
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UULTIPLICATtOM. 29 

THEOREM I. 

Tie square of the sum of tiro quantities is the same as the 
square of the first, plus tvjice the product of both, plusthe 
square of the tecond. 

EXAMPLES. 

1- (^+y)x(i+y)=(H-y)*=*'+2iy+y' 

g. (Sx+fl) X (2H-a)=(2j4^)'=4i'+4«a:-|-a''. 
3. (6ni+3) X (5m-f-3)= (5n»+3)»=25m*+30m+9. 
Example 10 is the same as 

(o— 1) X (o— 6)=(<.— 5)S=o«— 2a6+6« ; 
which, when translated, gives 

THEOREM n. 

The square of the difference of two quantiiies is equal to 
the square of the first, minus twice the product ofboth,plus 
the square of the second. 

EXAMPLES. 

1. (.-j)x(»-y) = (.— ,)»=»^-ai, + ^. 
8. (3o — i)x(3o— 4) = (3o — J)"=9ii" — 6«4 + 4>. 
3. (5a— x)X(6a— i) = (6<I— x)*=25o'— lOfw+i'. 
Example 1 1 is the same as 

(o + 6)x(o — 1) = «'— i"; 
which, when tianshited, gives 

THEOREM III. 
7%e sum of iteo quantitia mvitiplied by their di^erencCf 
it iiptal to the square of the greater, fflsnus the iquare of 
the lit. 

SJUMPLE8. 

1. (»+,)x(i-s)=:"-»'. 

2. (3<. + J)x(3i>— i) = ai'— »•. 

3. (7m+y)x(7m— s) = 49m" — }". 
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:«*— '=a— ':=-^reaprocal of nj 



:o""'~'=o~'^= — ^— =:reciprocBl of o* ; 
aaa a* 

ai-*-'=o— '= =:-~=redprocal of a* j 



(40.) Fhrom the above tcheme, we tee, that whenever the 
exponent of a quantit]/ becomes 0, itt value w reduced to 1. 

(41.) That whenever it u negaiivef it is the reciprocal of 
what it would be were it potitiee. 

(42.) Hence, changing the sign of the exponent of a 
quantity is the tame a* taking its reciprocal. 

CASE I. 

(43.) From what has been said, we have, for dividing one 
monomial by another, this 

RULE. 

I. Divide the coefficient of the dividend by that of the 
dtvisoTf obterving to prefix to the quotient the sign -{• when 
the signt of the dividend and divisor are atikej and the 
sign — when they are contrary. 

n. &ibtract the exponents of the letters in the divisor 
from the exponents of the corresponding letters of tie divi- 
dend ; if letters occur in the divisor which do not in the . 
divideady they may (Art. 42) be written in the quotient by 
changii^ the signs of their exponejits. 

(44.) It must be recollected here, and in all cases here- 
after, that when the exponent of a letter is not written, 1 is 
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DITMIOH. 33 

10. Pinde 13»- V' by — 26xy. 

Ans. — ~x~*y-*. * 

(45.) To divide one polynomial by another, we shall imi- 
tate the arithmetical method of long divuion. And in the 
amngooaeat of the work we shall follow the French method 
of placing the divisor at the right of the dividend. Thus, 
to divide 

a' A- a*x + ab + hx by a-\-Xy 
we proceed as follows : 

ofehation. 
Dividend = a' + a*jc -f ai + bx\a -f- x ^ divisor 



*-}-' = quotient 



ah + bi 
ab + bx 



Having placed the divisor at the right of the dividend, we 
seek how many times its left-hand term is contained in the 
left-bandtennofthedividend, which we find to be a', which 
we place directly under the divisor, and then multiply the 
divisor by it, and subtract the product from the dividend ; 
then bringing down the remauting terms, we again seek how 
many times the left-hand term of the divisor is contained 
in the left-hand term of this remainder, which we find to 
be i } we then multiply the divisor by fr, and again subtract- 
ing there remuns nothing ; so that a' + b'n the complete 
quotient. 

That the operation may be the most simple, it will be 
necessary to arrange both dividend and divisor according to 
the powers of some paiticutar letter, commencini; with the 
highest power. 
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CASE IL 

(46.) To divide one polynomial by another, we bnve this 

RULE. 

I. grange the dividend and dimtor u>iih refermct tv a 
certain letter; then divide the first term on the left of the 
dividend by the first term on the left of the divisor, the re- 
tail is the first term of the quotient ; multiply the divisor 
by this term, and subtract the product from the dividend. 

n. Then divide the first term of the remainder by the first 
term of the divisor, which gives the seconi term of the quo- 
tient; multiply the divisor by this second term, and subtract 
the product from the result after the first operation. Con- 
tinue this process until toe obtain Ofor remainder; or when 
the division does not terminate,which is frequently the case, 
wt can carry on the above process as far as we choose, and 
t^en place the last remainder over the divisoTy forming « 
fraction^ which must he added to the quotient. 

£XAHPLES. 

1. What is the quotient of 2a'6 + fc» -f 2afc=' + «» di- 
vided by o' + 6" -f afc ? 

Arranging the terms according to the powers of a, and 
operating agreeably to the above rule, we hare 

OPERATION. 

THvidend = «» + 2a>i + Soi" + l*[a» + oJ + 6" = divisor 



ib^ + by + ai-^V 

iV 

la 4- fc = quo< 



a»b+ ab^ + b* 



quotient 



D.nt.zedbyGoOglc 



2. y^iaX is the quotient of a'i — 3a'-4-2ff6 — 6a~-4fc4-32 
diiidedbjl— 31 • 

OPEBATION. 
o'i— 3o*+2oi— 6a— Ifc4-22J— 3 



10 

2o6 — 6a '■ ' ' i — 3 



lo'+So— 4+, 



— 46-f-22 
—46+12 



3. Divide i*— ««+i'— a'+2a^— 1 by x' +x~l. 

OPEBATION. 

«•— *'+"^— 1'+2»— lll'+x— 1 

I'+l'-^ 



M— I<+I«— i+l. 

— I*- I'+l' 

I*— «=+2a- 



— l"+2i>— 1 

— i"— i»+i 

I'+i— 1 



4. What is the quotient of x* — 3oi*-f-3B»x— o* divided 



Dr:s.l:,G0Ot^lc 
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ALGEBKAIC FXACTIOMI. 
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ALOEBBAIC FKACTIOKI. 



EXAMPLCii. 



1. Rciluce — , l—i to its lowest terms. 

The greatest common measure of 375 and 16 is 16, to 
which annexing abxy, ve have Ibabxy for the greatest 
common mewtuve of both numerator and denominator. 
Dividing the numerator by I5abxyy we find 
375fl»tey -i- l&abxy = 26o». 
In the same way we find 

ISai'ay* -v- Ibabxy ^ by* ; 
hence, we have 

375a'&xy _g5aV 

Ibab'xy' by* ' 

which, by Rule under Art. 44, becomes 

V 

S. Retluce ~ — ^~ to its lowest terms. 
35xy*«* 

In this example, the greatest common measure of the 

numerator and denominator is Ixyz* ; hence, dividing both 

numerator and denominator of our fraction by 7xy2*, we 

find 

42(ix*vs' 6oz*2* ..... . 

r-r = ■■ _ ■ . . which IS m its lowest tenns. 

35a!y»s* 6y» ' 



— T^T^ L to its lowest terms. 



Ans. — : — -. 
4jy» 



. What is the simplest form of ■ ■ ■ — ■ t 
26x3/* 



Ans. „ - . 
2y* 



D.nt.zedbyGoOglc 



D.nt.zedbyGoOglc 



ALGEBRAIC FBACTIORB. 



(51.) Let JV and n be two polynomials, of which JV is 
greater than n ; then, performing the diviuons as directed 
in the above rule, we have 



n) JV(^i = first quotient. 
"^ 
First remainder ^ ri) n (5S=: second quotient. 
rtqa 
Second remainder =f^) n (fj = tlurd quotient. 

Third remiunder = 

The numerals placed at the bottom of the letters q and r, 
are called Subscript lumbers, and show the order in which 
the quotients and remainders occur. 

Letters marked like the above, are as independent as 
though they were different letters. The reason why we use 

Sem in preference to different letters, is because we can 
e more readily discover what they are designed to repre- 
sent. 

(6S.) Now, since the dividend equals the divisor multi- 
plied by the quotient and increased by the remainder, we 
hare the following conditions : 

JV=9,n + r,. (1) 

« = 9«»-i + ri. (2) 

f 1 = ftft. (3) 

Substituting ^» for r, in (1) and (2), and they will be- 
come 

V=5in4-53rt. (4) 

n = fafsTt + r«. (5) 

Tht right-hand member of (6) is divisible by rt, and 
thaefore its left-hand member must also be divisible by ra ; 
that is, n is divisible by rt- 

6 
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ALGKSKAIC FK ACTIONS. 
HKCOND OPERATION. 

tia" + lax — 3x"j2fl + 3x 
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ALGE8BA1C rftACTIOMS. 



Before dividing, we murt multiply the polynomial — 3t* 
-4- 3<ii* — a'b + a*\ty 4, in order that its left-hand term 
may be diviiable by the left-hand term of the other poly- 
nomial. (Art. 54.) 



FIBST OP^lATIOK. 

— 126»+12aft''— 4a»ft+ *a*\'kb* — 5ah -{-a* 

Mn!tiplyiiigby4,— 3oi»— 0*1+ ia* 
— 12a6»— . 4a'fr-|-16a' 
— 12o6'' + 15o»i— 3b» 

— 190*6 + 19a» = first remainder. 
Before dividing 46' — fiaft+a' by — 19o*6 -|- 19a*, vr 
expanse from this last polynomial, the factor 19a*, and then 
dividing, yre have for the 

BSCOHD OPEKATION. 

4i» — 6a6-i-o*|— b + a 
46« — 4a& 



~ ab + tt" 
— o6 + a* 



J_4ft + a 




Therefore, — i + O) or a — b, is the greatest ooramon 
ne as before. 



4. What is the greatest common measure of the two poly- 

. , S 15a»-|- 10o*t+4a»6*-|-6o'6»~3a4% 
nomials ^ jg^.^, _j_ gg^.^, _|_ jg^j, _ iqj* ? 

Ans. 3o' + 2ab — b'. 

5. What is the greatest common measure of 

a^ _ fc«x and i> -|- 26* + 6» ? 

Ans. x-^-b. 
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ALfiKKKAlO FKACriOMS. 47 

We must now seek the greatest common measure of 

4 jr» — 2i» — 3jr + 1 and aVy* — ary* — y"- 
DWiding the second of these by y' (Art. 53), and multi- 
pljing the first by 3 (Art. 54), we have the 

F1B8T OFBIULTIOir. 

lat* — 6i«— 9«+ SSr* — 2x— 1 
12i» — Sr"— 4x 



Multiplying by 3, 2x*— 5x+ 3 
6x*— 15r+ 9 
ex"— 4a:— 2 



— llx+11 =fir8t remainder. 
We mast now repeat the operation upon 3x* — Sx — 1 
and — llz -1~ ^1' Dividing the second of these by 11 (Art. 
53), wc have for the 



SECOITD OPXAATION. 

-2x — 11— x+1 



!»- 2x — 11— X 





Bence, the greatest common measure of the numerator 

dennninator of the fraction ^--r;— — - — - — J^ is — xH- 1 

3xV — 2ay — y* 
or X — 1. Dividing both numerator and denominator, of 

4x' + 2x — 1 

the above fraction, by X — I, it becomes — —^ for 

3xy» + y« 

the reduced value of the given fraction. 

3. Reduce - ■ , _ ^ — = to its lowest terms. 
a^ + 2iy + y' 
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ALCEB&AIC 



In thii example th« ^eatest common measure of the nu- 
merator a&d denominator is founil to be z 4* V- Hrncf , 



the fraction reiluceil becomes 



X* — xy 



3. Reduce 5 ^— — to its simplest form. 

Ill' — TOT* — mn^ -j- n* 



Ans. 



V-f-« 



^"*- sr — I- 

5y — 4 



4i* + 2x*— iar*-|-3j: —5 
plest form. 

Ans. — ~ — . 

2x + 6 



(56.) To reduce a mixed quantity to the form of a frac- 
tion. 

RULE. 

Mtttaply the entire part by the drnominaior of the frac- 
tion, to which product add the numtralor, and itnder thi 
retuU place the fpren denominat'tr . 
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EXAMPLES. 

In tbis example the entire part is I Ix, which multiplied ' 
by the denominator 7x, gives 77z*, to which adding the 
numerator x-\-y, we have 77i* + 1 -f- 3/ for the numerator 
of the fraction sought, under which placing the denomi- 

for the reduced 



j(j,5 3y + 9i+»y-);3m— 6 
3"+ o 



-«' + f 



g j3 

6. Reduce 3«* — 6+— to the form of a fraction. 

gin' — 36 — aa^ + ey— »■ 
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FRACTI0K9. 



These two results are equivalent, bat under different 
fonns. 

2. Reduce to an entire quantity. 



byCoOglc 



6S ALGEBRAIC FRACTIOMB. 

CASE V. 

(66.) To reduce fractions to a common denominator. 

RULE. 

Multiply succtssively each numerator tnfo tdl the denomi- 
nators, except its aim, for new numerators, and all the dt- 
ntminators together for atommon denominator. 

EXAMPLES. 

1. Reduce-, -, =- to equivalent fractions bavins; & com- 
i' 2' 7a ^ » 

raon denominator. 

a X 2 X 7a=14a'=«ew numerator of first fraction. 

h XxX 7a=7aix:^new numerator of second fraction. 

cXxx2 =2cz = newnumeratorof thirdfraction. 
and X X 2 X 7a = 14oi ^common denominator. 



Therefore, — — : ; are the equivalent frac- 

l4az Max 14nx 

lions sought. 



, 9mx tab 6axv 

Ans. __;__■ --£. 

6 a; 6ax oax 

3. Reduce ", -^^ — ■- — to equivalent fractions having a 
common denominator. 



"6o + 6x' 6a-\-6x ' 6a-\-(ix' 



D.nt.zedbyGoOglc 



ALGEBRAIC FRACTIONS. 



3i' 5c' 
mon denominator. 
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ALGEBRAIC FRACTIONS. 
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56 V ALGEBRAIC FlIACrioMS. 
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ALUCBkAIC ntCtlOVH. 



-1 



<- What w the product of y + ^f^ by t^ ? 



Aim. 



■ 2b* 



CASE IX. 

(63.) To divide one fraction by another. 

RULE. 

Jfthtrt are any mixed quantUteifrtduct them to a/rac- 
titnuUforrn, by Que III. ; then invert the divisor, and mul- 
tiply as tn Case VIII. 

CXAHPLU. 

1. Divide — ~— by — ~ — . 

If we invert the divisor, and then multiply, we have 
3* + 7„ 5 15X + 36, ., 



.«'-y'u.. ''+y' 



y 



.1 .=.i.,Got>^lc 



ALGSBSAIC FRACTIONS. 






5. What is the quotient of — ^ dirided by ^ ? 



6. Whtt is the quotient of — =— divded by -^t 



Am.: 


35<| 


Ab!. 




i^yi 


» 


An«. 


2 
I — 1 
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SIMPLE EQUATIONS. 
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SIMPLK KQVAT10H8. °* 

Let it be required to clear of fractions, the following cquu- 
tioD. 

1+1+1='+'- (■> 

Now, by Axiom III, we can multiply k11 the terms of this 
equation by any number we please, without destroying the 
equality. If we multiply by a multiple of all the denomi- 
uiitors, it is evident they will disappear. 

If we choose the least multiple of the denominators as a 
multiplier, it is plun that the labor of multiplying will be 
the least possible. 

Thus, in the above example, multiplying all the terms 
of both sides of the equation by 6, which is the least multi- 
ple of 2, 3, and 6, we have 

Sx + 2x + x = 6x + 6. (2) 

This equation is now free of fractions. 

(70.) Hence, to clear an equation of fractions, we deduce, 
from what has been said, this 

RULE. 

Jtfuti^^ alltht termtofthe equation by any multipltof 

their denominators. lfv>e ckoote the least common multi- 

fie of the denominators, for our mtUtiplier, the terms of 

the fraction, tohm cleared, will b« in their simplest form. 



I. Clear of fractions the equation — - — ^ -~ -. 

In this example the least common multiple of the deno- 
minators 6, 2, and 7, is 70 ; hence, multiplying all the terms 
of our equation by 70, we find 

14x— 14a = 35x + 356 — 10, 
for the equation when cleared of fractions. 
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iS SIMPLE EQUATIONS. 

« «i ,-^ .- » — 2 , x4-a X — b , X 
2. Clear of fractions — ~ 1 ' — =i+ — . 

Ans. 2i — 4 + 41 + 4a — 81 + 8fc = 16j; -|- 1. 

(71.) We must observe that when a fraction has the ^gn 
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BIHPLE EQUATIONS. 63 

Qa — 3x + 2bx=^iSx. (2) 

If we add to both members of this equation 3x — 2bx 
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§tMPU£ SttUATlOHS. 



KULE. 



I. If any of the temu of the equation arejractitmal, the 
equation mutt be cleared of fraction*, by Rule utuler Art. 70. 

n. The temu tmut then he to trantposed, that all those 
containing the wtknomt quantitj/ may comtitute one tide or 
member of the equation, by Rule under Art. 73. 

ni. 7A«n divide the algebraic turn of those termi m that 
ride of the equation which are independent of the unknown 
quantity, by the algebraic rum of the coefficient* of the term 
containiag the vnknovm quantity, the quotient loill be the 
value of the unknown quantity. 



Tini, cleared of fractions, becomes 

4i4.3i~iar — 120. 
Wben the terms are transposed and uoited, we have 

120 = 5i. 
DiTiding by 5, we get 24 '^ x. 

3. What is the value of X in the equation 
2j + 1 _g -H 3 
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Again, let us endeavor to solve this question : 

2. What Dumber is that whose third part exceeds its 
fourth part by 6 7 

Suppose z to be the number, then wilt its thiri part 
— ; its fourth part =-. 

Therefore, the excess of its third part over its fourth part 
is expressed bj - — -, which,by the question, must equal 5. 

Hence, we have the following equation - — 7'^^f 

this solved, ^ves x := 60 ; the third part of which is 20, 
and its fourth part is 15, so that its third part exceeds its 
fourth part by 6, hence, this is the correct number sought. 

(77.) The method of forming an equation from the con- 
ditions of a question, is of such a nature as not to admit of 
any mmple rule, but must be in a measure left to the inge- 
nuity of the student. 

It will however be of assistance to pay attention to the 
following 

RULE. 

Haviag denoted the ^aaattty nmght by x, or tomt other 
letter, v>e muit indicate, bj/ algebraic tyToboU, the same 
operation, at it tmuld be necetsary to perform upon the true 
number, tn order to verify the condiHons of the question. 

3. Out of a cask of wine which had leaked away a third 
part, SI gallons were afterwards drawn, and the cask was 
then found to be half full : how much did it hold 1 

Suppow X to be the number of gallons which the cask 
held. 
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Then, the part leaked away must be ^ . 
And the part leaked away, together with the quantity 
drawn off, must be ^ + 31- 

Now, by the question, the caslc is stilt half full ; so that 
what has leaked out, together with what has been drawn off 

must be -. 

Hence, we have this equation, - =—4-21, 
which, cleared of fractions, becomes, 3a: = Sz -f- 1 S6 ; 
buispomng and uniUng terms, we have x = 136. 

4. There are two numbers wluch are to each other as 6 to 
5, and whose difference is 40. V/ hat are the numbers. 

Suppose the numbers to be denoted by 6z and 5x, which 

are obviously as 6 to 6 for all values of x. Kow, by the 

question, the difference of these numbers is 40. Therefore, 

we have to — 6x =40 ; that is, x = 40. 

Hence, 6a;= 6x40 =240 K. . .^ 

. . .,, -.,» ? the numbers souirfat. 
5x=s6X40=a00S " 

5. A farmer had two flocks of sheep, each containing the 
same number. Having sold from one of these 39, and 
from the other 93, be finds twice as many remaining in the 
one as in the other. How many did each flock originally 
contain 1 

Suppose the number in each flock to be denoted by x. 

Then the flock from which he sold 39 will have remain- 
ing! — 39. 

And the one from which he sold 93 will have remaining 
1 — 93. 

Hence, by the the question, we have 

2x(x — 93) = x — 39, or2i— 186=1 — 39; 
transpo^ng and uniting terms, x 3= 147. 
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8. Twelve oxen liave in 4 weeks calen all the grass wliidi 
grew on 3J acres of land, in such a manner that they not 
only ate all fbe grass which at first was there, but alfto that 
which grew during the time they were grazing. In like 
manner, have SI oxen, in 9 weeks, eaten all the grass upon 
10 acres of land. How many oxen can, in this way, graze 
for 18 weeks upon 24 acres of land ^ 

Let X = the growth in acres of one acre of grass for one 
week ; then will the growth of 3j acres for 4 weeks equal 



also, the growth of 10 acres for 9 weeks will equal 

10x9 Xa: = 90a-. 
Therefore, the whole quantity of grass eaten in the first case, 
equals 



3 

The quantity eaten in the second case equals 10 -|- 90a:. 
Hotce the quantity which one ox eat in one week equals 
10 + 40a:„l^ 1 5+30* . ., . , 

Again, !n the second condition the quantity which one ox 
eat in one week equals 

Now, by the question, an ox in the first case ate Iho same 
as an ox in the second case ; therefore we have 

5+20i _ 10 + 903r . 

72 ~ 189 ' *■ ' 



This Talue of x substituted in either member of { 1 ) gives 
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week ; therefore, the quantity wldch 1 ox eats m 18 weeki is 
^X.8 = |..cre,. 



of an acre for each acre for each week, will amount to 6 
acres. 
Hence, 



9. Divide the number 237 into two such parts, thst the 
one may he contained in the other 1^ times. What are 
these parts? 

Ans. 106^ and 131{. 

10. The sum of $1200 is to be divided between two per* 
sons, A and B, so that A's share may be to B's share aS 
2 to 7. How much does each receive t 

Ans. A t266|, B tBSaj. 

The above question, when generalized, becomes like the 
following question. 

11. Divide a number a into two such parts, that the first 

part may be to the second as nt to n. What are the parts 1 

, ma ma 

Ans. — ;— , — I — . 

12. Divide the number 46 into two unequal parts, so that 
when the greater is divided by 7, and the less by 3, the quo- 
tients together may amount to 10. What are these parts t 

Ans. 28 and 18. 

13. In a company of 266 persons, consisting of officers, 
merchants, and students, there were four times as many mei^ 
chants, and twice as many officers as students. How many 
were there of each class t 

Ans. 38 students, 152 merchants, and 76 officers. 
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14. IKvide the number a into three such parts, that tht 
second may be m times, and the third n times as great as 
the first. What are these parts t. 
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cents. How many days must they have worked for tliis 
money i 

Am. 9 days. 

20. A courier who had started from a certain place 10 
days ago, is pursued by another from the same place, and 
by the same way. The first goes 4 miles every day, the 
other 9. How many days will the second need to overtake 
the first ? 

Ans. 8 days. 

SI. A courier left this place n days ago, and makes a 
miles daily. He is pursued by another making b miles daily. 
How many days will the second require to overtake the first t 

Ans. J days. 

32. But, in what time will the second courier overtake 
the first, when it is supposed that the second starts 12 days 
later than the first, and his speed is to that of the first as 8 
is to 3? 

Ans. 7} days. 

23. Two bodies start from the same place, one after the 
other, in a straight line ; the second starts n seconds later 
than the first, and its speed is to that of the first as q is to 
p. In what time will these two bodies be t<^ther t 

Ans. -'— seconds afterthescttingoutofthesecond. 
?— P 

24. Two bodies move in opposite directions; one runs 
c feet in each second, the other C feet. The two places 
from which they start at the same time, are distant d feet 
from one anolhei . When will they meet ? 

Ans. -- - ■■ seconds. 
C-f e 
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25. Bui, in what time will these two bodies come to- 
gether, when that which goes C feet each seconi), runs af- 
ter the other 1 
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30. But if the first, insleail of preceding the second, rung 
agninst it, and starts from the same place t secoads sooner, 
when do they meet ? 

Ans. =— — , ^-TTT ) ■ rt , ,«c.,8econi(8. 

C +e' C + c C + c ' 

31. A cistern can be filled by three pipes ; by the first in 
1^ hours, by the second in 3j hours, Bn<l by the thini in 5 
hours. In what time will this cistern be filled when all 
three pipes are open at once 1 

Ads. 48 minutes. 

32. In order to make the foregoing problem more general, 
let the time which the first pipe alone takes in filling the cis- 
tern = a, the Jime which the second takes in doing the same 
^(, and the time required by the third ^c. What ex- 
pression gives the time in which all three pipes together 
will fill it -i 

abc 



Ans. 



ab+ac + be 



33. A servant received from his master tiO wages, 
yearly, and a suit of livery. After he hail served 5 months 
he asked for his discharge, and receiveil for this time, the 
livery, together with $6j in money. How much did the 
livery cost ? 

Ans. $18. 

34. A master hired « journeyman, and promised him 8 
shillings for each day that he worked for him ; but if he 
worketl anywhere else, then the journeyman must pay him 
6 shillings daily for his board. At the expiration of 50 
days they settle, and the jqurneym»n receives 10 pounds 
anil 18 shillings. How many days has he worked for his 
master 1 

Ans. 36 days. 
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We will first clear these equations of fractions,- by mul- 
tiplying thelirst by- IS and the second by 48 (Art. 70); we 
thus obtain 

4x + 3y= %, (3) 

8x-f 3y = 144. (4) 

Now, subtracting (3) from (4) we have 

4r = 48. 
Divided by 4 we find 

x = 12. 
If we multiply (3) by 2 it becomes 

8i + 6y == 192. (5) 

Now, subtracting (4) from (5) we find 

3y=48. 
Dividing by 3 we find 

y=16. 

3. If we have given the two equations 

2x — 3y= 4, (1) 

8x — 6y = 40, (2) 

to find X and y, we proceed as follows ; 

Dividing (2) by 3 it becomes 

4i — 3y = 20. (3) 

Subtracting ( 1 from (3) we find 

2i = 16.M = 8. 

Multiplying (1) by 4 we have 

81 — l2y = 16. (4) 

Subtracting (4) from (2) we get 

6y=^-24 .■.y=4. 
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Clearing tliese equations of fractions, by inultipljiiig 
eac'b by 6, they become 

ar-f2y = 36, (3) 

2i-f3y=39. (4) 

Multiplying (3) by 3, anil (4) by 3, tbey become 



!te + 6y=108, 


(5) 


4« + 6j- 78. 


(6) 


Subtracting (6) from (6) we get 




5l=30, 




and a:=6. 


m 


Mump1;mg (7) b; S, it becomes 




21—12. 


(8) 


Subtracting (8) from (4), \re find 




3y-27.-.J=9. 





6. Sappose we wish to find x, y, and z, from the three 
equations 

5i— 6y + 42=15, (1) 

7x+4y — 3«=19, (2) 

2«+ 3/ + 6z = 46. (3) 

We will first eliminate y: for this purpose multiply (3), 
first by 4 and then by 6, and it will give 

8i + 4y+24z=:I84, (4) 

12x + 6ff + 362 =: 276. (5 ) 

Add (1) to (6) ; and subtract (2) from (4), and we have 
17r + 40z = 291, (6) 

i + 27z=165. (7) 

We hare now the two equations (6) and (7), and but 
two unknown quantities x and :. 

Multiply (7) by 17 and it will becomp 

]7r-|- 459s ^2805. (8) 



D.nt.zedbyGoOglc 



SIHPLIl UtCATIDNS. 

Subtracting (6) from (8) we obtain 
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This kind of notation will become familial by a little 
practice. 
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8»— 4i + S( = 22 (6)=(2)X2 

4j — 4» + 3ii = 13 {7) = (6) — (4) 

81l — 6« + 9« = 61 (8)=(1)X3 

36y — 211— 14« = 66 (9) = (3) X 7 ' 

36s — 6z — 6»=107 (10) = (8) + (9) 

140j— 140:+105« = 4S5 (11) =(7) X 36 

140y— 24i— 20u = 428 (12) = (10) X 4 

— 116i + I26k = 27 (13) = (11)— (12) 

348i + 928u = 3328 (14) = (5) X 116 

— 34Si + 376« = 81 (16) = (13)x3 

13030 = 3909 (16) = (14) + (16) 

«=3 (17) = (16) -i- 1303 

8ii = 24 (18) =(17) X 8 

3l = 9 (19) = (6) — (18) 

J = 3 (20) = (19) -^ 3 

3b = 9 (21) = (17) X 3 

4z = 12 (22) = (20) X 4 

4i — 3» = 3 (23) = (!2) — (21) 

4j = 16 (24) = (23) + (7) 

J = 4 (25) = (24)-H4 

8y = 32 (26) = (24)X2 

% — 4l = 20 (27) = (26) — (22) 

2(=2 (28) = (6) — (27) 

(=1 (29)={28)-^2 

2j = 6 (30) = (20) X 2 

3«— 21 = 3 (31) = (21) — (30) 

7i = 14 (32) = (1) — (31) 

1 = 2 (33) = (32) -=- 7 

CoUecting equatioiis (33), (26), (20), (17), (29), we ban 
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II. Then equate these different exfrestiont of the value of 
the unAmoim, that found, and we shall thus have a number 
of equation! one lets than were first given ; and they will 
also contain a number of unlmoun quantities one less than 
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Equations (9) and (JO) give 

306— 33z 



(11) 
(IS) 



(13) 



Equating (11) and (12), we have 

306 — 33g _ 318 — 31z _ 
23 ~ 26 ' 

which reduced gives 



This value of X substituted in (11) give* 

, = 9. 
And these vaiues of z and y, substituted in (6), give 

» = 4. 



. Given ) ji+jy+ji^lTV," 



find X, y, and t 



These equations, when cleared of fractions, become 
61+ 4v+ 3l= 744, (1) 

20i+16y + 121 = 2820, (S) 

I61 + 123) + lOz = 2280. (3) 

From (1), (2), and (3), we find 

744— 61 — 4ii 
» 3 ' 

2880- 20j — 16y 



12 
— 161 — 12y 



(*) 
(6) 

w- ■ <^> 

Equating (4) with (5), and (4), with (6), we have 
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-4y_^ 28g0 — 2ftr— 15y 



74 4 — 6g — 4y _ 2280 — ISx — 12y 
3 ~ 10 ■ 



(8) 
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Equation (4), wlif ii (beared of fractions, becomes 

8x-}-4S— 5x = 66. (5) 

This gives 

x = T. „ 
Substituting this value of x in (3), we find 

y = 6. 

2. Again, suppose we have given, to find x, y, and z, the 
three equations 

2a: + 4y — 3z = 22, (1) 

4x — 2y+&z=lS, (2) 

6x + 7y— z = 63. (3) 
From equation (3) we obtain 

z = &c + 7y — 63. (4) 

Substituting this value of =, in (1) and (2), and thej will 
become 

2a: + 4y_3(6i + 7y — 63) = 22, (5) 

4a; — 2y + 5(6i + 7j( — 63) = 18. (6) 
Equations (6) and (6) become, after expanding, transpo- 
sing, and uniting terms, 

16i-fl7y = 167, (7) 

34i-f 33y = 333. (8) 
Equation (7) gives 

. = 151=^-'. (9, 

This value of a;, substituted in (8), gives 

?iMpiIvV,33, = 333. (.0) 

Equation (10), when solved as a sample equation of one un 
known quantity, gives 

»='■ 

Substituting this value of y in (9), we find 

z = 3. 
Using these values of x and y in (4), we obtain 

x = 4. 
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(83.) This luelhod of eliminating may be comprehended 
in the following 
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This value of x causet (9) to become 
y = 90. 
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Hence, collecting values, we have 
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Dividing the sum of these three equations by 2, we find 
x + y + z-^iA±f. (4) 
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as given by equations (B), ought to be the reciprocals of 
those given by equations (A), which we find to be really the 



) > to &nd x, y, ai 



( I+o(!,+i)=»., (1) 1 
4- Given 2 y-|-&(X'(-z)s=R, (2) > to liiid x, y, and z. 

C ^-HC«-H')=p. (3) 5 

Kwe add and subtract oj^ from the left-hand member of (1), 
and add and subtract by from the left-hand member of (2), 
and add and subtract cz from the left-hand member of (3), 
they will become 

(l_B)3: + a(x + y + r) = m, (4) 

(l-% + K:r + y + z) = n, (5) 

{l-c)z+c{x+y-\.z) = p. C6) 

If we divide (4) by I — a, and (5) by 1 — 6, and (6) by 
1 —^ c, they will become 

Taking the sum of (7), (8), asd (9), we have 

')) 
■ (10) 



1 — a^l — 6^1 — £ - 



_::: i ^j — l^ 

Therefore, ,+, + .= '— '-' '-' . C") 
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Thii value ot x-j-y + z substituted in (7), (8), and (9), 
gives 

m a ) \—a^\—h^l-—c { 



_n i_ J 1—1 '^l—b^ 1 — c 



- P 
'J— c 



>i{13) 



>.(14) 



1 — o 1—6^ 1 — c \ 



This example affords a beautiful illustration of the law 
of permutations which can be made with the letters which 
enter into symmetrical equations. The prhoitive equations 
(1), (2) , (3) ; the three equations (4), (6), and (6) ; and 
the three (7), (8), and(9) ; as well as the three (13), (13) and 
(14), can be deduced in succesaon from each other, by 
simply advancing the letters one place lower in the alpha- 
betical scale. Equations (10) and (11), which contain all 
the different letters, are of such a form as not to change by 
thk method of permuting. Consequently the expression 
witiiin the brac«s of (12), (13), (14), which is the right- 
hand member of (11), must rem^n unchanged for the values 
ofx, y, ands. By studying carefully the different laws . 
by which changes may be made, we have great control 
over symmetrical algebr^c expres^ons which we could not 
otherwise obtain. It is notalways necessary that the change 
should be in alphabetical order, but may vary according to 
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any other lav. The principle may be tbus stated : what- 
ever changes can be made among the letters entering into 
the primitive equations, without altering the equations, the 
same changes may be made on any of the derived equa- 
tions. 

TUs method of deducing one expression from ano- 
ther of a similar nature, is of great use, especially in the 
higher parts of analysis. In order that the proper permu- 
tations may be made with ease, and without danger of error, 
we must adopt some simple and uniform notation for the 
different values of the quantities which enter into our ex- 
pressions. Indeed, by a well chosen method of notation, 
we may frequently resolve, with ease, questions which 
would otherwise be extremely difficult. 

Perhaps we can not better impress upou the student, the 
importance of a judicious notation, than by giving, at length, 
the solution of the two following questions. 

5. Find n numbers, such that the first increased by Hi 
times the sum of all the others, shall equal &■ ; the second, 
increased by at times the sum of the others, equals &t ; the 
third, increased by oj times the sum of the rest, equals bi ; 
and so on for the other numbers. 

SOLUTIOM. 

Let the n numbers sought be represented by 

XtfXtfXi,- - - - - - Xn. 

Then, if 

S:=a:i-4-a:s-f-2:8+ - . - - -(-«,, (a) 

we shall have, by the conditions, the following system of 
equations : 
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' «!— IJD'— 1 J a, — 1' 
«. ^ P" ? 6. / 

Ifn=10; andii=ft|=i3=&« = ts=frs = (T = 68aK^ 
= fru=845693; and ai=i, iii^^i} is— t> 04==i) 

will the above qaeetion agree with one in the Higher Arith- 
metic, which question is there required to be solved by rales 
purely arithmetical. The preceding question is also a 
particular case of the above question. 

6. Suppose » individuals, Ai, Ai, As, - • • - A^ 
play together on this condition, that the one who loses shall 
^ve to each of the others as much as they then have. 
First At loses, then As, then Aa, then A^, and so on, until, 
in turn, they have all lost ; and at the end of the nth game 
their respective shares are oj, a*, as, ----- - a^. How 

much had each before playing "i 

SOLDTION. 

Let their respective shares before playing be represented i>j 

ii,a:»,3:s, - - - - i,. 
Also, put 

*I-t-Xl-fX3+ ----- +Xn=S. (1) 

Since Ai loses on the first game, he must, by the question, 
give to As, Ai, A4, &c. , as much as Ihey now have. Hence 
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we have the n following equations : 
2"«| — S"-*S=<ii, 



(A) 





(1") 




(S") 




(3") 


::::;;( 



S'W-i — 2S=<l,-i, {(■-•I') ' 

2% — 8=0., (f>V 

From the above Bystem of equations (A), we readily find 



(B) 



«« = ^+2;;=i.Ct»-l]")\ 

'• = 2;r+si' . (»"V 

Now, nnce they all together had as much money when 
they left off playing, as they bad before playing, it follows, 
that 

S=ai + 09 + 03 + 04+ - - - - o». (C) 

If this value of S be substituted in the system of equations 
(B), we shall then have the values of 

«1, Tg, Z3, - - - - - z,, 

in terms of known quantities. 
If we have the relation 

ai = ai = aj^at= - - - - = w,, 
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3b 

11. A and B possess together a fortune of $570. If A's 
fortune vere 3 times, and B's 6 times as great as each really 
is, then they would have together $2360. How much had 
each? 

Ans. A 1250, B $320. 

IS. Find two numbers otUie following properties: When 
the one is multiplied by 3, the other by 5, and both products 
added together, the sum is =:31 ; on the other hand, if the 
first be multiplied by 7, and the second by 4, and both pro- 
ducts added together, we shall obtun 68. 

Ans. The first is S, and the second is 3. 

13. A owes $1300, B $3560 ; but neither has enough to 
pay his debts. Lend me, said A to B, i of your fortune, 
and I shall be enabled to pay my debts. B answered, I can 
discharge my debts, if you will lend me } of yours. What 
was the fortune of each ? 

Ans. A's fortune is $900, and that of B $2400. 

14. There is a fraction, such, that if 1 be added to the 
numerator, its value = t, and if 1 be added to the denomi- 
nator, its value = i . What fraction is it ? 

Ans. iV- 
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16. The sum of two aumben ia = a, the qustient arising 
from the diriaton of the second, by the fint is =&. ilnd 
tiftm manbeni 

. a , ah 

A„..__,aadj_p^. 

16. A, B» C, owe together |2190, and none of them can 
alone pa; this sum } but when they unite, it can be done in 
tiie following ways : first, by B's putting | of his property 
to all of A's ; secondly, by C's putting | of Us property to 
all B's ; or, by A's adding f of his property to that of C. 
How much <Ud each possess ^ 

Ans. A $1530 ; B $1540 ; and C $1170. 

17. A and B possess, together, only } of the property of 
C ; B and C have, t<^ether, 6 times as much as A j were 
B (680 richer than he actually is, then he would have as 
much as A and C together. How much has each t 

Ans. A, has t200 ; B, $360 ; and C, $840. 

18. Iliree masons. A, B, C, are to biiild a wall. A and 
B, jointly, could build this wall in 12 days ; B and C could 
accomplish it in SO days ; but C and A would do it in 15 
days. What time would each take to do it alone in 7 And 
in what time will they finish it, if all three wprk tt^ether ? 

. J A requires SO days, B 30, and C 60 ; 
'' I all three together require 10 days. 

19. Three laborers arc employed in a certainwork. Aand 
B would, together, complete this work in a days ; B and C re- 
quire ft days ; but C and A, only e days. What time would 
each require, singly, to accomplish it in 1 And in what time 
would they finish it, if they all three worked t<^ether t 

Answer, 

1 ■ 2oftc , _ Softc . 

A requires -: : days, B, ; ; days, 

ab + bc — ea 'ftc + ca— oft 

C, ; — T p. days* ; Jointly, - p - . - v — i — <»y»- 

' ca + ab — be '^ '' ah + bc + ca 
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so. A certun number consists of three digits, which nre 
in an arithmetical prognsuon. If this number be divided 
by the sum of its digits, (that is, without conridertng Uu Tala« 
they have as tens and hundreds,) the quotient is 48 ; but 
if 198 be subtracted from it, then we obtain for the remain- 
der a number consisting of the same digits as the one sought, 
but in an inverted order. What number is this 1 

Ans. 432. 
SI. A dstem containing 310 buckets, may be filled by2 
pipes. By an experiment, in wluch the first was open 4, 
and the second 5 kqurs, 90 buckets of water were obtained. 
By another experiment, when the first was open 7, and the 
other 3 ( hours, 126 buckets were obtained. How many 
buckets does each pipe dischai^e in an hour. And in what 
time will the cistern be filled, when the water flows from both 
pipes at once t 

i The iirst pipe dischai^^es 16, and the 
Ans. < second, 6 buckets ; it will require 10 
( hours for them to fill the cistern. 

32. Aco(»ding to Vitruvius, Hiero's crown webbed SO 
lbs., and lost 1} lbs., nearly, in water. Let it be assu- 
med that it ctKuisted of gold and mlver only, and that 
30 lbs. of gold lose 1 lb. in water, and 10 lbs. of silver, 
in like manner, lose 1 lb. How much gold, and how 
much nlver did this ciown contain. 

Ans. 15 lbs. of gold, and 6 pounds of nlver. 

23. A person has two lai^ pieces of iron whose weight 
is required. It is known that | of the first piece wei^ 96 
lbs. less than | of the other piece ; and that f of the other 
piece weighs exactly as much as } of the first. How much 
did each of these pieces weigh t 

Ans. The first weighs 720 lbs., the second 512 lbs. 

24. Two persons, A and B, can together perform a piece 
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of work in 16 ilajB. After Iwing laboured jointly 4 days, 
A leaves, and B by laboring 36 days more, completes it. 
How many days would each separately require ? 

An.. S^'«l"!'"?*J''y»' 
I D requires 48 days. 

35. A merchant has two lands of wine ; if he mix a gal- 
lons of the worst wine with b of the best, the mixture is 
worth c dollars per gallon ; bat if be mix f gallons of the 
worst with g gallons of the best, then the mixture is worth 
A dollars per gallon. What is the price of each kind of 
wine per gallon 1 



Ans. 



(Price of the woxs^ t- + ^) -^-(Z+g)^, 
Lee of the be.^ C^W^-^f-^g)^. 



26. SeTeial detachments of artillery divided a certain 
number of cannon balls. The first took 72 and | of the 
remainder ; the next 144 and i of the remainder ; the 
third 216 and ) of the remainder ; and the fourth 388 and 
I of the remainder, and so on ; when it was found that the 
balls had been equally divided. What was the number of 
detachments and the number of balls t 

Ans. 8 detachments, and 4608 balls 

27. A person has three horses and a saddle, which of 
itself is worth 220 dollars. If he put the saddle on the 
back of the first horse, it will make his value equal to that 
of the second and third ; but if he put it on the back of 
the second horse, it will make his value double that of the 
first and third ; and if he put it on the back of the third 
horse, it will make his value triple that of the first and 
second. What is the value of each horse t 

Ans. 30, 100, and 140 dollars. 
13 
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ELIMINATIOM BY INDBTEKMIHATB HVLTIPLlimt. 

(86.) Suppose we wish to find j; anil y from the equa- 
tions 

2*-|-3y=13, (1) 

6i-|-4y = 22. (2) 

Haltip1]ring (1) by m, we find 

2mx + Smy = 13m. (3) 

Adding (2) and (3), we have 

{2m + 5)x+{itn + 4)y = l^m + 2S. (4) 
Assume 3m -f- 4 := which gives 

«. = -J. (6) 

This Talue of m causes equation (4) to become 

-'^^=- («) 

Again, if we had assumed Zm -f- 5 = 0, which would hare 
giren 

•»=-», (7) 

then equation (4) would hare become 

Mow, returning to our former equations, we will subtract 
(3) from (3) ; we thus obtain 

(2m — 5) « 4- (3m — 4) y = 13m — 22. (9) 
Assume 3in — 4=0, which gives 

m = }. (10) 

This value of m causes (9) to become 

'-'-^^-- ("> 

Again, assume 2m — 6 = 0, which gives 

m={. (13) 

This causes (9) to become 
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This ralue of tn causes (3) to become 



' y,r»+y, x,r,—x,Y,' 

Hence, the values of x and y are 
AY, — AY, 1 



y— 



X,Y, — X,Yi'( 
JJl,—A X, ( 
XtT,-X,Y:) 



C) 



(8) 



(9) 



These values of i and y may be considered aa comprisii^; 
the solution of ftll sitnple equations combining only' two un- 
known quantities. If we wish to adapt this general solution 
to the equations 

2« + 3y = l3, 

6i + 4y = 22; 

we must call 

-9, = 13; A=22. 

ri=3; y,=4. 

These values substituted in (9), give 

* = 2; y = 3. 

(88.) As a still farther illustration of the method of elimi- 
nation by means of indeterminate multipliers, we will pro- 
ceed to the solution of three simultaneous mmple equations, 
involving three unknown quantities z, y and z; and we vrill 
continue to make use of the notation by the assistance of 
subscript numbers. 

Let the equations be as follows : 
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This assumption causes (5) to become 

(X,». + Jr^— Ai)i = A>» + J«»»— A. (8) 

Therefore, 

./iiia + jt^i— J. ,„, 

i,m+Jr«.— A,' ^ ' 

We must now find the values of m and n, by aid of con- 
ditions (6) and (7) ; for ttiis purpose we will compare them 
with (1) and (S), (Art. 87). Now, in order to make (6) 
and (7) agree with (1) and (2) respectively, we must chaage 
X to m,jf ton; X, to T„ X, to Z,, K, to r„ y, to Z,, 
.^1 to i^, ^, to Zs. Making these same changes in equa- 
tions (9) of Art. 87, we obtain 

_ riZi— z,n 
"~y.z,— z,y,' 



(10) 



z,Yi— y,Zi , , 

yiz,— z,y, ^ ' 



Arranging the terms alphabetically, we have 

_ y.z.— y.z, 

y,z,— y,z,' 

_ yiZi— y,Zi 

" y,z,— nz,' 

Sabstituting these values of m and n, in (9), we readily 
End 



(12) 
(13) 
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(89). We will now proceed lo point out some remark- 
able relations in the combinations of the letters marked 
with subscript numbers, as given by equations (15), (16), 
and (17). 

I. The denominator, which is common to the three 
ez^esnons, is composed of six distinct products, each 
consisting of three independent factors. Three of these 
products are positive, and three are negative. 

II. The letters fomung the different products of this com- 
mon denominator being always arraoged in alphabetical 
order, X, y, Z, we remark that the subscript numbers of 
the first product are 1, 2, 3. Now, if we add a unit to 
each of these numbers, observing that when the sum 
becomes 4 to substitute 1, we shall obtain S, 3, 1, which 
are the subsciipt numbers of the second product. Again, 
increaang each of these by 1, observing as before, to write 
1 when the sum becomes 4, we Sod 3, 1, 2, which are the 
subscript numbers of the third product. If we increase 
each of these last numbers by 1, observing the sane law, 
we shall obtain 1,S, 3, which are the subscript numbers 
belonging to the first product. A similar method of chang- 
ing has already been noticed under Art. 85. 

What we have said in regard to the subscript numbers of 
the pontive products, applies equally well in respect to the 
n^ative products. 

m. The numerator of the expression for x, may be 
derived from the common denominator by simply substi- 
tuting A for X, observing to Tetain the same subscript 
nombers. 

The numerator of the expression for ji may be derived 
from the common denominator by Rubstituting A for F, 
observing to retain the same subscript numbers. 
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In the same vay may the nuinenitor of the expression 
for % be found by changing Z of the denoiQiDator ioto A, 
retaining the same subscript numbers. 

(90.) We will now proceed to show how these expres- 
sions, for a:, y, and z, can be obtained by a very simple and 
novel process, which is easily retained in the memory, and 
which is applicable to all sin)ple e<)uations involving only 
three unknown quantities. 

Writing the coefficients and the absolute terms in the 
same order as they are now placed in equations (1), (2), 
(3), we have 



Xa n z, = aS 



(^) 



Now, all the products of the comrooi) denominator can 
be found by multiplying together by threes, the coefficients 
which are found by passing obliquely from the left to the 
right, observing that if the products obtained by passing 
obliquely dawnwardsj are taken positively, then those form- 
ed by passing obliquely upwards muRt be taken negatively, . 
and conversely. This is in accordance with the property 
of the negative sign; In the present case the products 
formed by passing obliquely doumvjards, are taken posi- 
tive. 

In this sort of checker-board movement, we must ob- 
serve that when we run out at the bottom of any column, 
we must pass to the top of the same column ; and when 
we run out at the top, we must pass to the bottom of the 
same column. 

This method is most readily performed upon the black- 
board, by drawing oblique lines connet'linp; the successive 
factors of the different products. 
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We will trace out this sort of oblique movement. 

Commencing with Xi, we pass obliquely downwards to 
¥a, and thence to Zg, and thus obtain the positive product 
of Xi V» Z3. 

Commencing with X^ we pass obliquely downwards to 
Ysf and since we have now nm out with the column of Z's 
at the bottom^ we pass to Z], at the toj> of the column, and 
thus obtain the positire product X9Y3Z1. 

Again, commencing with X3, wc pass to Fi, and thence 
obliquely downwards to Z«, and find the posiUve product 
XaYiZ^. ' 

IfoWf for the n^ative products we make similar move- 
ments obliquely upwards. 

Thus, commencing with .Xi, we pass to F3, and thence 
obliquely upwards to Zg, and find the negative product 
X1Y3Z,. 

Commencing with Xt, we pass obliquely upwards to Yi, 
and thence to Z3, and find the negative proiluct Xa Yi Z3. 

Again, commencing with ^3, we pass obliquely upwards 
4o Yif and thence to Zi, and thus obtain .the negative pro- 
duct XjYiZi- 

Having thus obtained the denominator which is common 
to the values of x,y,z; we may find the numerator of 
the Talu9 of z, by supposing the ^s to take the place of 
tbe X's, and then to repeat our checker-board movement. 
By changing the Fs into the«^s, we shall find the numera- 
tor of the value of y ; and by changing the Z's into ^s 
we shall find the numerator of the value of z. 

(91.) We will now illustrate this method of solving 
simple equations containing only llireo unknown quantities, 
by a few examples. 
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1. Given < 3i + 6j + 


^z 


= 26, S 10 find X, y, and 


^4l + 2y + 


3s 


= !!>,) 


We will iirst find the coram 


on 


denominator. 


Positive Phodocts. 




Neoative Peoducts. 


2x5x3 = 30 




2X2X7 = — 28 


3X2X4 = 24 




3x3X3 = — 27 


4X3X7 = 84 




4X5X4 = — 80 


138 


— 135 


— 135 







3 = common denominator. 

We have for the numerator of x the following operation : 

Positive Products. Negative Products. 

16X5X3 = 240 16x^X7 = — 224 

26x2x4 = 208 26x3x3 = — 234 

19x3x7 = 399 19x5x4 = — 380 



847 —838 

— 838 

9 ^ numerator, for x. 
To find the numerator for y, we have 
Positive Pboducts. Negative Products. 

2X26X3=156 2x19x7 = — 266 

3X19X4 = 228 . 3x16x3 = — 144 

- 4x16x7 = 448 4X26X4 = — 416 



6 :^ numerator, for y. 
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To find the numerator for 


z, we have 


Positive Phoducts. 


Nboative PnoDUcrfl. 


2X5X19=190 


2X2X26 = — 104 


3k2X16= 96 


3x3x19 = — 171 


4X3X26=312 


4X6X16 = — 320 






698 


— 696 


-596 




3 = 


numerator, for 2. 



X = f =3. 



IVhen some of the coefficients are negative, we must ob- 
serve the rule for the multiplication of signs. 

f 2a) + 4y — 3z = 22, ^ 
3. Given/ ix — Sy + 5z:= 18, >to find z, y, and 2. 
( 6x + 7y— 2 = 62, ) 

To find the common denominator, we have 

Positive Products. Negative Products. 

2X— 2X — 1= 4 2x 7x 5 = — 70 
4X 7X— 3=-84 4X 4X— 1= 16 
6x 4X 5= 120 6X— 2X — 3= — 36 

40 -90 

-90 

— 50 = common denominator. 
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For the numerator of x, we have 

PosiTiTE Products. Negatite Pboducts. 

22X— 2X — 1= 44 22X 7x 5=— 770 

18x 7X— 3=— 378 18x 4X — 1= 72 

63X 4X 5= 1260 63X— 2X — 3=— 378 

926 —1076 

— 1076 

— 150 := numerator, for x. 

~50~" 
Proceeding in a similar way, we find the values of y and z. 



(2 + l* = a,) 



3. Oiren < y-\- |z := a, > to find z, y, and z. 



We will arrange the coeffidents, omitting the unknown 
quantities, observing also to write for such terms as are 
wanting. 



This arrangement being made, 

I 4 
1 i 

i 1 


w« 


,have 

: a 
a 




Positive Phodocts. 




NeoatiV£ Pro 


DUC1 


1X1X1= 1 
0X0X0= 

ixlxi = ,v 




1X0XJ= 
OxiXl= 

ixixo= 


= 
= 
= 


<i= common 


denominator. 





For the numerator of x, wc have 
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Positive Phoducts. 


Negative Productj 


oXlXl= a 


<iXOXJ= 


0X0X0= 


ox;xi = — io 


aXiXi = ia 


aXlXO= 


Ja' 


-*« 


-i" 





jU == numerator, for x. 
Hence, i= |a -rSJ = SJo< 

By a similar procpss is the value of y and z founit.. 



4. Given^y-Hfc(x+=) = 


= n> 


> to fin<l X, y, and x. 


These coefficients, being properly 


arranged give, 


1 a a 
b 1 b 


_ 


m 
n 


c c 1 


= 


P 


Positive Products. 




Negative PaoDUcrs, 


1X1X1= 1 
bxcXa = abc 
exaxb — abc 




lxcxh=~hc 
bXaXl=—ab 

CXlX0=— M 


14-2a6c 
— ab — ac — be 


~ab-ac -he 



l-f-2a&c — ab — oe — 6c = common denominator. 
For the" numerator of x, we have 
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Positive Pp.odccts. Negative Pboddcts. 

mx Ix 1 = m tnxcxh= — bcm 

n xc xa=:am n xay 1= — an 

pxaxh=ahp pXlxa= — ap 



m + acn ■\- abp — bcm -. — an — ap 

~ bcm — an — ap 



m+aen+ahp — bcm — on — op = numerator of r. 

„ m-\- acn -f- abp — bcm — an — ap 

' 1 -j- 2abc — aft — ac — be 

If to this expression for x we apply the principle of per- 
mutation, as alr^dy explained, by advancing the letters one 
place lower in the alphabetical scale, we shall find 
n -f- bap -\- bcm — con — bp — bm 
1 -f- Shea — 6c — 6a — ca 
Again, permuting this expression, we have 

p -f- cbm -f- can — abp — cm — en 
I + icab — ca — cb — ab 

This solution is far shorter than the one given on page 
94, and the eXi>ressioas for x, y, and z, are far more sim- 
pie. 

We may remark, that the denominators of the above ex- 
pressions arc common, as they must of necessity be, in vir- 
iue of the general results given by Equations (16), (16), (17), 
on p^e 111. ' 

5. A, B, and C, owe together (o) $2190, and none of 
them can alone pay this sum ; but when they unite, it can 
be done in the following ways : first, by B's putting 4 of 
his property to all of A's j secondly, by Cs putting t of 
his property to all of B's ; or by A's putting ■ ^ of his 
prqterty to all of C's. How much was each worth 1 
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Let T, y, and z, represent what A, B, and C, were re- 
spectively worth. 

Then we shall have these conditions, 

ar + fy = a, 

J, + fz = a, 

z + fa: = a. 

Clearing these of fractions, and arran^ng the coefficients, 
we have 



9 

2 


5 = 9o 
3 = 3a 


Pmitive P«oiMjcrs. 


Negative Products. 


7 x9x 3=189 
X X 0= 
2X3X6=. 30 

219 = 


7X0X5=0 
0X3 X 3=0 
2 X9X0 = 

common denominator. 


or the Jiumerator of i, we have 


Positive Products. 


Negative Peoducta. 


7aX9x3=189o 
9aX X0= 
3o X 3 X 6 = 46o 

2340 
-81a 

163o = 


7axOx5= 
9a X 3 X 3 — — «lo 
3a X 9 X 9= 

— 81o 
: numerator. of x- 


163« 163X2190 > ,„„ 
'«"».' -219- 219 -'^'O- 


or the numerator of y, we find 
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Positive Products. 




Negative Pkodcctb 


7x9aX3= 1890 




7x3oX5 = — 105a 


Ox3aXO= 




Ox7ax3= 


2x7ox6= 70o 




2x9*1X0= 


269o 




— 105a 


— 105a 






154a = 


numerator of y. 


nice, y = ^ = 1540. 





For the numerator of :, we have 
Positive Phoddcts, Negative Pboddcts. 



7x9x3a=189o 
0x0x7a= 
SX3X9a= 64a 



7xOx9a= 

Ox3x3a= 

2x9X7o=— 126a 



Hence, z = 



117a = numerator of z. 
IHa 



219 



= 1170. 



Collecting the results, we find that 

A was worth $1530, 

- B « " #1640, 

C " " $1170. 

The student will find, after a little practice in this method 
that it is much more simple than would at first sight seem. 

Whenever some of the coefficients are zeros, as \a the 
3d and 5th examples, the work is much abridged, as in this 
caee some of the products must become zero. 
15 
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CHAPTER IV. 

INVOLUTION, EVOLUTION, IRRATIONAL AND 
IMAGINARY QUANTITIES. 



INVOLUTION. 

(92.) The process of raising a quantity to any proposed 
power is called Involution. 

When the quantity to be involved is a »ngle letter, it is 
involved by placing the number denoting the power above 
it a little to the right. {Art. 11.) 

After the same manner we may represent the power of 
any quantity, by enclosing it witbin a parenthesis, and then 
treating it as a single letter. 
Thus, 

the second power of mx = (mx)*, 
the third power of a + ^ = (^ + t)*) 
the fourth power of 3m -f- y ^ (3m -|- y)', 
Ac, &c. 

CASE I. 

(93.) To involve a monomial, we obviously have this 
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. RULE. 



i. Raise ihe cotfficient to the required power, by actual 
muitipiication. 

II. Raise the diff'erefit letters to the rehired power by 
nailtiplying the exponents, vAich they already lume, by the 
number denoting the power, observing that if no exponent 
is written, then one it always understood. To t/ut power 
pre^ the power of the coefficient. 

Note. — If the quantity to be involved is n^;atiTe, the 
signs of the even powers must be positivp, and the signs of 
the odd powers negativb. (Art. 29.) 

EXAMFLSS. 

1. What is the square of Sox* ? 
Here the square of 3 equals 

3'= 3X3 = 9. 
Considering the exponent of a, in the expression as^, as 
one, we find aV for the square of oi*. 
Therefore we have 

X3ax»)'=9aV. 

2. What is the fifth power of —Soft' ? 

Ans. (— 2oi»)»= — 32a»6'*. 



which by Art. 49, is the same as 



8iy 
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4. What is the seventh power of — ar'x 1 

Ans. -^i-*x' = — C 
6. What U Uie third power of x*y~' ? 



6. What is the nth power of — 2r-»yM 



Ans. x'y-* = -^. 

r 



2'y^ 



7. What is the square of — lx~'y~*? 

Ans. i9x 'y^^ -z-i- 
xh,* 



, What is the seventh power of — m*xz~^ ? 

Ans. — m'i'z-', 



Ans. 5=«-*y' 



CASE II. 



(94) When the quantity is compound, we can write the 
different powers by the aid of rules which we will hereafter 
point out. (See Binomial Theorem.) 

At present we will content oiirselves, by involving com- 
pound expressions by actual multiplication, according to 
. Rule under Art. 33. 
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EXAMPLES. 

1. Find the second power of x ■{- y~ 
' + !/-- 



-j-ij +y"— »= 

— xz — yz -f- 1' 

2. Find the fifth power of a -4- 6, as well as all the lower 
powers of the same. 
(o+S)' = a + 6. 

a' •\- ab ~ 

+ ab + lr' 



(«+»)' 


«■ + 2a'b + ab' 


(«+')• 


« +6 




a-4 + 3o'4> + 3o4' + J< 


(«+»)' 


= 0* + 4tt»6 + ea'fe' -f- 4a6» + fc*. 
o +4 




ii' + 4o<4+ 6o>S'+ 4o'i' + «J< 

o'i + ,4(.'P + 6»«4' + 4ai< + i' 



(ffl4-5)* = a« + 5a*6 + lOoW + 10o»6» + 5ah* + »•. 
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IJW INVOLOTION, 

3. Find the fifth and lower powei 
(„ -6) ' = «_». 
» — J 

«"— oS 
— <th + b' 



(«->)■ 


a— 6 






(a-l)< 


= 0«— 3«>i+3«l«— 4". 
o— 4 




i'— 3a"4+3a''4'— «4' 
— o'S + 3o"4'— 3i<4'+ 4' 


(«-4)' 


'= o'— 4ii'4 + 6i.''4"— 4o4> + 4'. 
a— 4 



_ a*fr4- 4o»6*— Co'SM- 4aft*— 6* 
(a — 6) •= a«— 5o*6 + lOaSft'— l6a'6'+ 5o6«— b*. 

4. What is the cube of a — i? 

Ans. a*— 3a=^+3oi'— I*. 

5. What is the square of m + n — x? 

Ans. m'-{'2mn — Swtr+n" — 2nx -\- x*. 

6. What is the fourth power of 3x — 2y 7 

Ans. 81x*— Siei'y + 216a:*y'— Miy* + 16y*. 

7. What is the square of a-^b? 

Ans. a''+2tib-\-b~. 

8. What is the square of a + ft + c .' 

Ans. n»-f 2ab + 2oc + fc^ + 26c + c». 
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EVOLUTION. 

P6.) EvoLUTiOH is the extracting of roots, or the 
reveriie process of involution. 

When the quantity whose root is to be found is a ^ngle 
letter, the operation is denoted by giving it a fractional ex- 
ponent, the denominator of which denotes the degree of 
the root. (Art. 14.) 

And in the same way we may denote the extraction of a 
root of any quantity or expression, by encloEang it within 
a parenthesis, and then treating it as a dngle letter. 

Thus, the second root of my = (my)', 

the third root of x + y = (i-f-y)*, 

the fourth root of 2x — 3y ^ (2x — 3y)', 

the nth root of a — 6 = (a — b)", 

Ac, &., 



(96.) To extract a root of a monomial, we obviously 
have the following 

RULE. 

I. Extract the required root of the coefficienlf by the usual 
arithmetical rule. When the root can not be accurately ob- 
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tamedf ii may he deAoied by means of a fractional exjtonejti, 
the same as in the case of a letter. 

II. Extract the required root of the differefU letters^ by 
multiplying the expimmti which they already have by the 
fractional exponent dmoting the required root. To this 
root prefix the root of the coefficient. 

Note. — Since the even powers of all quantities, whether 
positive or n^ative, are positive ; it follows that an tvm 
root of a negative quantity is impossible, and an even root 
of a positive quantity is either positive or negative. 

We also infer that an odd root of any quantity has the 
same sign as the quantity itself. 

EXAMPLES. 

1. What is the square root of 640*4*37* ? 
In this example, the square root of the coefficient, 64, is 
±8, where we have used both signs. 
And, 







.-. (64a<4V)»=±8.l 


iV. 




2. 
3. 


Whal 
Wliat 


is the cube root of 64aV ? 
» tlie fifth root o(—32»y>i 


Ans. 
Ans. — ; 


401=. 


4. 


WhDt 


is the seventh root of — ax- 


-!, 








Ans. — 


-«V'= 


«' 



5. What is the square root of — 4a'6'? 

Ans. Iinpo^ible. 
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6. What is the cube root of 27a*t'* .' 

Ans. 3ab*. 

7. What is the fourth root of 16a -*bx-' f 

Ans. ±2a-^b^x-^=±:— — . 

(97.) By comparing the operations of this rule, with those 
of rule under Art. 93, we see that involution and evolution 
of monomials may both he performed by one general rule, 
of multiplying the exponents of the respective letters by 
the exponent denoting the power or root. We will there- 
fore give the following promiscuous examples, which will 
require the aid of one or both of these rules. 

EXAMPLES. 

1. What is the cube root of the second power of 8a'b* ?- 
If we first raise Sa*b* to the second power, it will become 
(8a»fc»)'= 64a*6'S 
extracting the third root, we find 

(64a*6'«^^=4a*6^ 
for the result required. 
Again, first extracting the cube root of 8a^b^, it becomes 

{8a'b*y=2ab', 
raising this to the second power, it becomfs 

the same as before. 

(98.) Hence, the cube root of the square of a quantity, 
is the same as the square of the cube root of the same quan- 
tity. 

And in general, the nth. root of the mth power of a qnan- 
litg, it the same at the mth power of the ntk root of the 
iomt quantity. 
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We first fount! the fifth root of the first term a*, to be a, 
which we placed to the right of the polynomial for the first 
term of the root. Raising a to the fiflh power and subtract- 
ing it from the polynomial, we have 5a'b for the first term 
of the remainder. 

Since the number denoting the root is 6, we nuse the first 
term of the root, a, to the fourth power, which thus becomes 
a*, this multiplied by the ntfmber denoting the root, gives 
5a* for our dirisor. 

Now, dividing 5a*b by 5a*, we get 6, which we write for 
the second term of the root. 

Involving this root to the fifth power by actual multipli- 
cation, as vras done in Ex. 3, Art. 94, we have 

(o + by= a'+ 6a*b + 10o*6»+ 10a»6»+ 5ab*+ ft* ; 
which subtracted from the given poljmomial, leaves no re- 
minder, so that we know that a -|- & is the true root. 

2. What is the square root of 

ix*— IGx" + 24i»— 16i +4 ? 

OPE&ATION. 

4i* — 16i»+24r' — 16i-|-4(2x"— 4x-t-2 



ix')—16x* 
{Zx^—ixi' — is* —16x^+l&x' 

4i*)8i= 
(2a:'— 4i-t-2)'=:4x' — 16j^-|-24a;«— 16a:+4 
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ETOLUTION. 



3. What is tb« square root of 

16i* + 24i* + 89a:' + 60x + 100 1 

Ans. 4i' + 3j + 10. 

4. What is the cube root of 
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EVOLtmOK. 



the sum of the first three into the fourth, plus the square of 
the fourth; and so on. 

(103.) Hence, the square root of a polynomial can be 
found by the following 

RULE. 

I. After arranging the polynomial according to the powers 
of somtone of the letters, take the root of the first term for 
the first term of the required root, and subtract its square 
from the polynomial. 

II. Bring down the next two terms for a dividend. Di- 
vide itsfirst /erm by twice the root just found, and add the 
quotient, both to the root, and to the divisor. Multiply the 
divisor, thus increased, into the term last placed in the root, 
and subtract the product from the dividend. 

III. Bring down two or three additional terms, and pro- 
ceed as before. 

EXAMPLES. 

1. What is the square root of 

a«+2o&+5*-|-2(<i+fc)c+e«+2(rt+i+c)d+rf'/ 

OPERATIOH. 

oH- 2fl6+6^+2(<i+fc)c-|-cH-2(a+6+c)d+<i»f a +fc+c +d. 



2oA+6» 



2(fl+6)+c 2(a+b)c+d' 
2{a+b)c+t^ 



2{a+b+c)+d 2(a+6+c)d-HP 

2(<i+ft+c)rf+<f 
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BTOLUTION. 



(104.) We will now endeavor to find a particular rule 
for the extraction of the cube root of a polynomial. 
Bj actual multiplication, we find 
(a+S)' = o'+3a'J+3<.»>+J', 
(u+k+c). 

= iiif3o'H-3o J'-H'+3(ii+»)*t+3(«+»)«"4<*> 

i+ci+3(„+J+c)'i+3(u-HH-«)d>-Hi-. i 

&«., &G. 

(105.) From which we discover that 

7Ae cube oftmy jmlynomial it equal to tht cube of the first 
ierray plus three timet the square of the first into the second, 
j>lu$ three times thefirst into the square of the secondjptus 
the cube of the second; plus three times the square of the 
sum of the first two into the third, plus three times the turn 
of the first two tn/o the square of the third, plus the c«4e of 
the third; plus three limes the square of the sum of the first 
three into the fourth, plus three times the sum of the first 
three into the square of the fourth, plus the cube of the 
fourth; and so on. 

(106.) Now we may reverse the above process, that is, 
we may extract the cube root of a polynomial by the fol- 
lowing 

RULE. 

I. Having arranged the terms of the polynomiiU accord- 
ing to the powers of some one of the letters, seek the cube 
rwrf of the first term, which place at the right of the poly- 
uofttMifor the first term of the root, also place it at the left 
by itself, for the first term of a column, headed, fibst 
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ooLUHN. 7%en multiply it into ittdf^ and place the pro- 
duct fur the first term of a colutan, Acaifed, second column. 
Again^ multiply this lutt result, by the same first term of 
the root and subtract the product from the first term of the 
polytwmial, and then bring down the next three terms of the 
polynomial, for the fibst dividend, ^dd the first term of 
the root just found to the first term of the first column, the 
rant unit constitute its tecond term, which mutt be multi- 
plied iy the first term of the root, and the result added to 
the first term of the second column, for its second term, 
vhich we leill call the fihst tkial ditisok. The same first 
term of the root must be added to the second term of the 
first colmoft, forming Us third term. 

n. Divide the first term of thefirst dividend by the first 
term of the trial divisor, the quotient must be added to the 
root already found, for its second lerm^ it must also be 
added to the last term of thefirst column, the result vritt be 
its fourth term, vfhich niust be multiplied by the second term 
of the root, and the product added to the last term of the 
second column, which sum wxll give its third lerm,t^ick in 
turn fiwst be multiplied by the second term of the root, and 
the product subtracted from thefirst dividend. 

HI. To the remainder bring dovm three or four of the 
next terms of the polynomial for a second dividend. Pro- 
reed with this second term of the root, precisely at uias done 
with the first term, and so continue until the entire polyno- 
mial has been exhausted. 
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140 EVOLUTION. 

5. What is the cube root of the polynomial 

a:* — 6i»+ 15i* — SOr" + 15i^ — 6i + 1 1 

Ans. i» — 2a;+l. 

6. What is the cube root of the polynomial 

a* + 12aV — 8aV — 6a'x 1 

Ans. a* — Sax. 

7. What is the cube root of 

a» — 3a« + 6a* — 7a» + 6<.» — 3o + H 

Ans. a* — + 1. 

8. What is the cube root of 

a:* + Gx* + 21x* + 44a« + 63i» + 54x + 27 ? 

Ans. z*-|-2i+3. 

(107.) From the above rule, for extracting the cube root 
of a polynomial, we can easily deduce the rule which we 
have given in the Higher Arithmetic for the extraction of 
the cube root of a number. 

This rule is also particularly interesting because of its 
close analogy to the method of finding the numerical roots 
of a cubic equation, as explained in a subsequent part of 
this work. 
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t'ii tS] r^i- Now, raising the quantities 3, 4, and 5, to 
powers denoted respectirely by 6, 4, and 3, we find 3', 4*, 
5», or, which ia the same, 729, 256, 125. Taking the 12th 
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SURD QVA>T1TIES. 



RULE. 



Having separated the surd into two factors, one of which 
is a perfect power, take (he root of the factor which is a 
perfect power, and multiply it by the surd of the other fac- 
tor. 



1. Reduce ^288 to its simplest form. 
We can separate 288 into the factors 144 X 2, of which 
144 is a perfect square whose root is 12 ; therefore 
%/288= ■^^ 144x2= -^iSx v/2 = 12,/2. 



3. Reduce Vx^ — a^x* to its simplest form. 



Ans. '/x'y — oV = » Vy — a'. 

3. Reduce V— 32o*6 to ite simplest form. 

Ans. V=:32i^=— 2aV6- 

4. Reduce (o*a;'y~')' to its simplest form. 

mplest form. 



(112.) When a surd is in the form of a fraction, it may 
be amplified by the following 



Multiply bothnumeraloT and denominator by such a 
tity as mil render the denominator a perfect power. 
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SURD QUANTITIES. 



EXAMPLES. 
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EXjUIPLEB. 

1. What is th« sum of i/'M anil \^2i t Also, what is 
the difference cf the same sunls ? 
By reduetion we have 

v'54 = v'4x6 = 2v'6 



Therefore, v^64-}-v'24 =5^/6. 

And, • 54 — • 24 = ^ 6. 

2. What is the sum and difference of ^a^b and ^ab* 1 

. t The sum ={a -A- h) 4/06. 

*"'■ J The diff. =(a — b)Vab. 

3. What is the sum of <36iV)* and {25y)' ? 

Ans. (&r-|-5)^y. 

4. What is the sum of (&r)', (ly^ *, and (27x*)^ ? 

Ans. (2 + 3a; + i*)Vi. 

6. What is the sum of (aiV)* and (t»*y")^ ? 

Ans. i(afcV)*+yHmO*. 

HULTIPLICATIOK AND DIVISION OF SUaoS. 

RULE. 

(114.) Reduce the surds to equivalent imts expressing the 
tatM root, (Case II. Art. 110,) then multiply or divide as 
required. 

EXAMPLES. 

1. What is the product of v'Sby V16? 
By Case II, we find ^8 = (8»)^=(512)^. 

V16 = (16»)*=K256)^. 
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S. What is the prwluct of 4Va& by ^^by 1 



byCoOglc 



BURD EQUATIOHS. 
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SCEC QUANTITIES. 
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IfiS mm dUANTITIES. 

4. What is the square root of 6 — 2^/6 ? 

Ana. y/5—i. 
6. What is the square root of 7 -)- 4v'3 ? 

Ans. 2 +V3. 

TO FIND KVLTIFLISRS WHICH WILL CAUBt SUBDS TO 
BBCOBIX KATlOhAL. 

CASE I. 

(119.) When the surd consists of but one term, we can 
proc««d as follows : 

■1 ■»— > 

Suppose the given surd is z", if we multiply thisbjxH 

1 ■>— 1 
by rule under Art. 114, we shall havez^Xx ■• »bx, a ra- 
tional quantity. 

Hence, to cause a monomial suid to become rational by 
multiplication, we have this 

RULE. 

Multiply the surd by tke same qwmtiiy, hamag luch an 
expimmt, as when added to the exponent of the given nird, 
shall make a unit. 

EXAMPLES. 

1. How can the surd x^ be made rational by multiplica- 
tion. 

Id this example, J added to the exponent ^, pra 1, 

therefore we must multiply by x , performing the operation, 
we have 

2. Multiply X so that it shall become rational. 

Ana. jt'xi*=». 
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3. Multiply z ^ so that it shall become rational. 

Ant. jc-'x*'™*. 

CASE II. 

(120.) When the surd consists of two terms, or is a bino- 
mial surd. 

Suppose it is required to multiply -ya -\-^bsoas to pro- 
duce a rational product ; we know from Art. 35, Theorem 
ni,tbat 

(Va + s/ft)x(./n— v'6) = ffl — ft- 

Hence, to cause a binomial surd to become rational by 
multiplicatioa, we have this 

KULE. 

C/iangt the lign which comucU the ttoo terms of the hi- 
nomvU srtrdf from -f- to — , or from — to -}-, and this re- 
tvltf multiplied by the Unomial swfd, w3l give a rational 
product. 

GXAHFLES. 

1 . Multiply y/^ — ,/2 so as to obtun a rational product. 

Ans. (v'S— v'2)X(v'3 + v'2) = 3— 2 = 1. 

2. Multiply 4-f- %/5 so that the result shall be rational. 

Ans. {4+v'6)x(4— ^/5)=11. 

3. How can^'o-t-ft — '<^a — & be made rational by mul- 
tiplication 1 

Ans. (N^o+t— V^r=r6)X(vTr6+v;^^)=26- 

4. How can V^ — 1 become rational by multiplication ? 

Ans. (^7 — l)x{v/7+l)=6. 
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1&4 aUBD ^UAMTlTIEi. 

(121.) If the surd consist of three or more tvfrasofthe 
square root, connected fay the signs plus and minus, it can 
be made rational, by first multiplying it by itself after chang- 
ing one or more of the connecting signs. 

tZAUPLES. 
1. If it is reqtiired to make y/b — v'34- v'2 rational by 
multiplication, we should first multiply by '/b-\-y/Z-^y/2f 
by which means we obtain 

^5+ v'3+ v'S 



+ ^/15+ v'lO — v^-l-2 



5 +2v'10 — 3 +2=2v^l0+*. 

Again, multiplying 2 \^10 -J- 4 by Sv' 10 — 4, we get 

(2v'10+4)x(2^10 — 4) = 24. 
2. Mnltiply2-(-v^— v^ so that it shall become ra- 
tional. 

FIRST OPERATION. 

2-1- ^3— ^2 
2+ •3+ •S 



4 -(-2^3 — 2^2 -1-3—^^6 
-I-2V3+2-/2 +^/6 — 2 

4-t-4v'3 +3 — 2 = 4v'3-|-5. 

SECOND OPERATION. 

4v'3-f-6 
4v'3— 5 



48 +20,^3 
— 20,^3- 
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3. Multiply ,/5 -h ^3 — V3 -H 1 Ki that Its product shall 
be rational. 

FIKST OPEBATIOH. 

■J5+ V2 — ^3 + 1 
^5—^2+^3+ 1 

5+vlO— v/15+ %/5 4- ^/6— >^2+v3 
— 2— ,/10+,/16+ ^6 + »'6+v2— ,/3 
3 
I 

1 +2,/6 +2v/6. 

BBCCmS OFCBATIOIT. 
l+2v'6+2,/6 
1— 2/5+2v^6 



I+2,/6 + 2v6 — 4^30 
— 20 — 2V6 +2v'6 +4^30 
24 

B +4V6. 

TBIBD 07BBATI0N. 

6+ 4V6 
— 6+ 4v« 

— 26 — 20v6 
96 + 20V6 

71. 

(122.) To reduce fractioiifi, having polynomial sunls for 
a numentor or denominator or hoth, so that either the nu- 
merator or denominator may be free from radicals. 

Snppoee \re viah to transform the fraction 



V3 + V2 + 1 ' 
into an equiTalent fraction, having a rational denominator. 
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It is evident Ihal this transformation can be effected^ pro- 
vided we multiply both^umerator and denominator by such 
a quantity as will cause the dentMuinator to become free of 
radicalsjBO that the operation is reduced to the finding a mul- 
tiplier which will make v'S + n/S + 1 rational. 

We will first multiply by —^/ 3 -J- v'2 + 1- 



V3-f^2-fl 

— ^3+^/2+1 

— 3—^6— v'S-f- ^/2 
+ 2 + ^6+^3-1- V2 
-\- » 

2>/2. 
Hence, If we multiply both numerator and denominator of 

Again, multiplying both numerator and denominator of 
1+^-^' b, ^2, ,e finally h.v. ^!1=^. Tb. 
denominator is now rational. 

(133.) Hence, to transform a fraction, having surds in its 
numerator or denominator or both, into an equivalent frac- 
tion, in which the numerator or denominator may be free of 
fiurds, we have this 

RULE. 

Multiply the numerator and denominator by such a tjuait' 
lity OJ mil cause the numerator or dmominator. as the re- 
^mired cate may he, to become rational. 
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BPRD OVAHTtTIES. 



1. Reduce 7~ to a fraction having a rational nu- 
merator. 

MiUtipljrutg both numerator and denominator by 6 — V3, 
we have 

b+y/3 _ (5+^3)(6— v^3) _ 



i{6 — v3) 20 — iv/S 10-2s/3' 

%/5 +2 



to a fraction having a ration- 



y/5 ~\-y/3 +v/2 

al denominator. 

Multiplying both numerator and denominator by 
v/5 +v'3 — v'2, we get 

5 +^15 — y/lO + gy^S + 2v'3— 2^/a 
6 + 2^*15 

Again, multiplying both numerator and dcnomiiiiiloi; of 
this last fraction, by 6 — 2^J15, it becomes 

4^30 — 4vl5—6-/10+10.t/6—8,/3 — 12^/2 
— 34 ' 

or changing the signs of both numerator and denominator^ 
it becomes, after striking out the factor 2 from each, 

6 ^2 +4v/3 — 5^/6 +3^10 + 2v/15 — 2^30 

12 



3'^°"-, +^2 



a rational denominator. 



Ans. 



>/14— ^/lO ^7-t-v^5 
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4. Reduce — „ — to an equivalent fraction 

^3— v/2 + 1 ^ 

having a rational denominator. 

. 2 —^2 +t/6 



5. Reduce — — ^~— , first to a fraction having a ratioD- 



a1 denominator, and then to a fraction having a rational 
uomerator. 



^•a +\^x ^ai — Vna +v'to — z 



)y'a+^x_ 



^^b — ^x v'oi -{'•/ax-^^hx- 
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(126.) If we put '^ — 1 = e^ we shall always have 
ct= — 1, 
'c»= — *^^^, 
rt=: 1, 

And in general, 

c'"= 1, 

(*■ + "= — 1, 

c*" * •= — v'.iri, 

t» being any positive integer whatever. 

(127.) From which we ea^y deduce the following priD- 
ciples. 

1. (+N/Zr^)x(+^^a) = — v'a'= — a. 

2. (—■ /ir^) X (^ v/37) = _ ^a»= _ 0. 

3. (+,^:rV)x(-v'=^ = +^a»= + a. 

4. (+v'=r7)x(+%^:ri) = _^a6. 

5. (— s/ir7)x(— v':r4)==_^«4. 

6. <^-^/:^7)x(— ^/=T) = +»/«*- 

The above is in accordance with the usual rules for the 
multiplication of algebraic quantities, and must be consid- 
ered as a dgSntfwm of this symbol, and of the method of 
udng it, and not as a demoiufraittm of its properties. 

(128.) The student must not infer from what has been 
said, that imaginary quantities are useless. So far from 
being useless, they have lent their aid in the solution of 
questions, which required the most refined and delicate 
analysis, 

(129.) We will now, in order to become more familiar with 
the operations of imaginaries, perform- some examples in 
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MULTIPLICATIOH Of IMAeiNAUES. 

1. Mttltiply4v'iri+v''32by Sv'^— 1/^3. 
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16lS ihaginaby quantities. 

(130.) We will now perfortD some examples in 

DIVISION OF IMAGINARY (JUANTITI1::S. 

]. Divide 4 +^^^ by 2 —^^2. 

OPERATION. 

2— v'— 2' 
Multiplying numerator and ilenominator by 2+V — 2, ir 
becomes 

R ' 



In the same way we find 

! + >'- 



i-vz:i 



4 + 2%^—! 
(131.) We will also aJd a couple of examples of the ex- 
traction of the square root of imaginary binomial surds. 
1. Extract the square root of 3 +2v' — 1, 
Comparing this expression with the general formula (A) 
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j3TS^==i = \,^^±3l\\^Jlz 
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long as J? is a finite quantity. 

(133) Since the quotient arising from dividing one 
number bj another becomes greater in proportion as the 
divisor is liiminished, it follows that when the divisor be- 
comes lees than any as^gnable quantity, then the quotient 
will exceed any as^gnable quantity. Hence, it is usual for 

mathematicians to say, that -—is the representation of an 
infinite quantity. The symbol employed (o represent infi- 
nity a QQ, 80 that we have 

i=(X>- (3) 

(134.) Dividing both members of (1) by 0, we find 

This being true for all values of ^ shows that - is the 
symbol of an tndeterminate quantity. 

To illustrate this last symbol, we will take several exam- 
ples, 

!*— a* 
1. What is the value of the fraction - 

Substituting a for x, our fraction wit) become 

bx — ah ab — di 
If, before substituting a for i, wc divide both numerator 
r.nd denominator of the ^ven fraction by * — a, (Art. 55,) 
we find 

x" — a* x-\-a 

bx — ab b 
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Now, substitutiag a for x, in this reilucej form, we luid 
J+a _ n + o _2a 
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CIUPTER V. 



QUADRATIC EQUATIONS. 

(136.) We have alreaily (Art. 66), defined a quadratie 
equation, to be an e<iuation in which the unknown quantity 
does not exceed the second degree. 

The moEt general form of a quadratic equation of one 
unknown quantity, is 

a*»4-&i=:c. (1) 

Dividing all the terms of (1) by a, (Axiome IV,) we find 

where, if we assume ^ = -, and B = -,we shall have 
a a 

3^-\-^x=B (3) 

Equation (3) is as general a form for quadratics as equa- 
tion (1). 

In (3), j9 and B can have any values either positive or 
negative. 

(137.) When j4 = 0, equation (3) will become 

^=B, (4) 

which is called an incomplete quadratic equation, since one 
of the terms in the general forms (1) and (3) is wanting. 
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(138.) When B = 0, equation (3) wiJI become 
x" + -3x = 0, 
which divided by x is reduced to 

which is no longer a quadratic equation, but a simple eqna- 
tioD. 

(139.) If w9= and £ == at the same time, equa^on 
(3) will become 

which can only be satisfied by taking x=: 0. 

IRCOMFLKTE QUADKATiC EQT7ATI0KS. 

(140.) We hare just seen that the general form of an 
incomplete quadratic equation is 

x«= B. (1) 

If we extract the square root of both members of this 
equation, we shall (Art. 96,) have 

x = ±VB. (o) 

GqiiatiiM (a) may be regarded as a general solution of 
incomplete quadratic equations. 

(141.) To find the value of the unknown, when the 
equation which involves it, leads to an incomplete quadratic 
equation, we have this 

RULE. 

I. Clear the erpiation of fractions by the tame rule at for 
simple equations. (Art. 70.) 

n. Then transpose and tmite the like terms, if necessary, 
ohserving the rule under Art. IS, and we shall thus obtain, 
after dividing by the coe^cimt of a:', an tqiuUion of the 
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form of x'^ B. Extracting the square root of both mem- 
fiera, we shall find x= ± ^B. 

KXAHPLES. 



This, when cleared of fractions, by multiplying by 19, 
becomes 

1*+. 2 +133= 171, 
transpoaing and uniting terms, we find x^^ 36. If we 
compare this with our general form, we shall see that 
B^ 36. Extracting the square root, we hare s^ ± 6, 
or as it may be better expressed, z = 6 or z = — 6. 

^346 ^ 

686'' 
This cleared of fractions, becomes 

147 + U3x*— 346i«, 
tran^osing and uniting terms 3a^= 147, 

dividing by 3 a:^= 49, 

extracting the square root, we find x = ±7, 



36 



Ans. x = ±9. 
(142.) We must be careful to interpret the double sign 
±, correctly, the meaning of which is, that the quantity 
22 
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before which it is placed may be either plus, or it may be 
mlnui;. It «loe« not mean that the quantity can be both 
plus and minus nt the same time. 

(143.) If an equation involving one unknown quantity 
can be reduced to the form 3f=JV, the value of x can be 
found by simply extracting the nth root of both members, 
thus, 

(144.) Where it must be observed (Art. 96.) that when 
n is an even number, the value of x will be either plus or 
minus for all positive ^'ahies of A*, but for negative values 
of JV the value of x will be imposEible. When n is an odd 
number, the value of x will have the same ^gn as JV has. 

(145.) If the equation can be reduced to the form a:":=JV, 
then X can be foimd by raising both members to the mth 
power, thus : x=JV*". 

(146.) Where x will be positive for all values of JV", pro- 
vided m IB an even number, hut when m is an odd number 
then X will have the same sign as JV. 

(147.) Finally, when the equation can be reduced to the 
form -"L 

We must first involve both members to the mth power, 
and then extract the nth root, or else we may first extract 
the nth root, and then involve to the mth power. (Art. 98.) 

Thus, 



S__ Vx-j-3 



, to find X. 



Vx + 4 Vx + 
This, when cleared of fractions, becomes 
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/ 4- 34 v/x + 16S = a- + 42 ^/i + 152, 
Iransposiiig anil uniting termn, we have 

dividing by S, ^3C^2, 
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COMPLETE QUADKATIC EQUATIONS. 

(148.) We have already seen, that 

ax''-\-bx = c, (A) 

is the most general fonu of a quadratic equation, where 
a =v the coefBcient of the first term ; 
6 = the coefficient of the second term ; 
c ^ the term independent of x. 
If we multiply the general quadratic equation (A), by 4«, 
it will become 

4a'a^ + 4a6a: = 4flc. (1) 

Adding 6» to both members of (1), it becomes 

4aV 4- iabx + 6' = t^ + 4oc. (2) 

The left-band member of this equation is a complete 
sqnare, equal to {2ax+by. The process by which we » 
transform an equation as to cause one of its members to be- 
come a complete square, is called Completing the Square. 
This may be effected by the following 

RULE. 

Xirf the quadratic equation be reduced to this form^ 
oiB'+6* = c. Then multiply each member by four times 
the co^Uimt of the first term, after wMch add to each 
member the square of the coefficient of the secmd term. 
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1 . Complete thu square of the equation x'-\- Zx = 
Multiplying each member by 4, we have 



D.nt.zedbyGoOglc 



174 Qt'ADRATlC EQUATIONS. 

If we use the — sign, we have 



2aa: + 6 =— ■/ft*+4ac. 
Hence, a quadmtic equation must, in general, )ie1<J (wo 
distinct values for the unknown quantity. The above results 
give at once 

_ — A+v^ft'-f 4ac 
^^ 2o '' 

— 6— Vfci+l^c 

or, i^ ■ . 

' 2tf 

Uniting these values by the aiil of the amb^ous sign zL, 

which is read plut or minus, not plus and tnttttu, we have 

(B) 

(149.) This may be regarded as a general solution of all 
quadratic equations, and it is obvious that we may derive 
from it a general rule which will apply to all quailratic 
equations, so as not to be under the necessity of actually 
going throu^ with all the preliminary steps of completing 
the square. The following is such a 

RULE. 

Having reduced Ihe equation to the general form ax'-\- 
hx:=c,vie can find x, by takiitg the coefficient of the ttcond 
term with its sigtt changed, plus or minus the square root 
of the square of the coefficient of ihe second termincreatei 
by four times the coeficient of the fint term into the term 
indep^dent of x, and the whole divided by twice the co^- 
dent of the first tenii. 

EXAMPLES. 
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7±^7"+4x9Xll6 7±65 , _, 

Therefore, x— X_ =____^4^ or-S;. 
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EXAHn.Ee. 

1. Given a;* + M:' = fr, tofind*. 

This beromes yS + oy = ft, when for x* we write y. 



heDve, 






2. OiTpn 3jc*— 2a:" = 8, to findx. 

.-. x= V2. 

3. Given2(l ^x — x^^\-\-x — i'= — -^,Xo fiii<( 

X. 

If for 1 + 1 — x% we pMt y*, our equation will become 

or ISy-— 9, = — 1, 

9±3 1 1 

■■•»=-3r=3'°'6' 

bene !r=^,o.g^. 

Re^substUtttlog 1 +1 — J^, for jr", ite h«»e, when we 
take the first value ol y*, 



9' 



l+I— I^ 
91*— 9x = 8, 

18 2"*" 
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.1* 



i = ±„^^!L_ 



1^.4. 



(151.) We kavc seeu tkat the geoeral foriD of a quadra- 
tic equation, a3^+ bx =^ c, gave, for the value of the un- 
koown, tke following expression ; 



_ — ft±Vf+4oc 
''^ 2o ' 

When a^ 1, the equation ax'-j-fti= c, becomes 

x^-\-bx=c. (C) 

And the above expresuon for the unknown, will become 

-e. (D) 



Now, since all quadratic equations may be made to assume 
the form of (C), by dividing all the terms by the coefficient 
of X*, it follows that formula (D) must, when properly 
translated into common langu^e,give a general rule for the 
solution of ail quadratic equations. The following is the 

RULE. 

Having reduced the equation to the /brmi^ -l-frxi— >c,we 
can find x by taking half the coefficient of the lecond term, 
toith its sign changed ; flvj or minus the square root of the 
square of the half of the coefficient of the second term w- 
crtased by the term, independent ofx. 



1. Given r*— 10x = — 24, tofindi. 
In this example, half the coefficient of (he second term is 
.£, which squared and added to — S4, the term independent 
of J, is 1. Extracting the square root of 1, we have ±1. 
Therefore, i=^5 ± 1 =6, or 4. 
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2. Given f - = -, to 6nd x. 

This cleared of fractions, becomes 

ai* — 6r=7i-(-420.' 
Transposing and uniting terms, we have 

ac»— 121 = 480. 
Dividing by 3, we have 

«"— 4a:=140, 
.■.i = 2±ia=14,or — 10. 

3. Given ^±i? + -^^ = ?, to find x. 

X a:+ 12 5' 

Ans. X = 3, or — 15. 

4. Given 3*" + 42x' = 3321, to find x. 



(152.) Equations coMTAiHiNa two oh bioie dmknowh 

QUAMTtTISS, WHICH INVOLVE IN THEIE SOLUTION 
QUADKATIC EQUATIONS. 

1. Qiven j ^r j.='i,^ \ • '- «»'' ' ""' '■ 

From the first of these equations, we find 

x=J5^. 
y— 125 

Substituting this value of x in the second equation, it be 
comes 

* U — 125i 



Which, when expanded, is 
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^__^2222v! =90000. 

^ / — 250y+ 16626 
This, cleared of fractions, and terms united, becomes 

y* — 250s(» — 164376y» + 22500000y = 1406260000. 
This may be written as follows 

(y*— 125^)"— 180000(y— ia5y) = 1406260000. 
Solving by rule for quadratics, conadering y*— 125y m 
the unknown quantity, we have 

y» — 125y = 90000 zt 97500. 
Hence, 

y» — 125y = 187500, or y»— 125y= — 7600. 
The first of these pves 

126±875^ ,5 

" 2 ' 

The second RiTes 

185 ±25- ^—23 
S = 2 

Both of which values are imaginary. 

Having found y, we can substitute it in llie equation 
. _ 300y 

and thus obtain the values of x. 

From (2), we get 

y' — c' 
wbich substituted in (1), we have 
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If we add 5 to both members of (1) it may be written 
as follows : 

(H-iH-(«'+i)+(^»)+(sH-i>f(«+»)=«i- (M) 

We shall now use equations (10), (11), (12), (13) and 
(14)| which are symmetrical instead of the original equa- 
tions. 

» + l = -^, (16)=(10)-^{» + l) 

. + l=j^=i(.+ I), C16)=(ll)-=-(»+l) 

z+l=j^=lc<,+ l). (18)=(13)4-(, + 1) 

Substituting these values ofii>-f-],x+l, y+1, * + l| 
in (14), we have 

"■('■+>)-|^+^(M-l)=61. (19) 



This reduces to this form, 

Clearing of fractions, we have 

18(»+1)«— 671 (« + !)= — 5203. (21) 

This quadratic solved, gives 

tf+l = ll,or26rV 

These two values of v-f-l, beii^ substituted in (15) 

(16), (17), (18), will give two sets of values for w + 1 

x-\- 1, y-|- 1) z-\-l. These values when found are, 

« + l = ll, oraCy'r. 

w.+ l=34, 10 A- 
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5 UhenJ'+y^" tl)j to find land y. 

Squaring (1), we have 

Subtracting (2) from (3), we get 

2iy = a»-6. (4) 

Subtracting (4) from (2), we find 

i»— 2iy 4- j/^ = 26 — a". (6) 

Extracting the square root of (5) , we get 

x — y=± %^25 — a». (6) 

Taking half the sum of (1) and (6), we get 

(7) 

Subtracting (7) from (1), we find 

J = °=f1v2S=5. (8) 

We will indicate our operations upon tlie successive equa 
lions, by the method explained under Art. 80. 

«>+3»'S+3ijr'+y' = «'. (3)=(1)' 

3„ix+,) = a'-b. (4)=(3)-(2) 

3iS = ^. (6)=(4)H-(1) 



(6)=C6)-i-3 



a' — b 

"=-37- 

rt'+2l!/+y' = »'- C1)=(l)' 



l:,,==l!L-rl». (8)= (6)X4 



30 
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i=-2l!, + !f'=-3a'=F4\A^-'. (12)=(5)-(11) 
I_, = ± j --a.' T4^?_+i' j ■ C13)=v/C12) 

^ + ,>=i. (3)=(2)-^., 

'213/2 '■ ' 2 

j; o^ 

"4iy 4' 
This readily gives, 

ixy+a'x^' = b. (7) 

Consequently, 

" (8) 



_^^ — »'±v^»'+16t \*, 
:y, introduced into (4) an( 



This value of xy, introduced into (4) and (5), we obtain 
(9) 
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1,1 g V-°-j'. ( 



(10) 

I'V+S**?* + '*!'" = 18226 (3)=(1)' 

2xV— 13122 (4)=(3)— (2) 

iy = 66«l (6)={4)-T-2 

»»=±3 (6)=V(«) 

»y=±27 m-^e)" 

^ + j,> = ±6 (8)=(1)^(7) 

2iy = ±6 (9)=(6)x2 

i«-2lj(+y'= =F 1 (10)=(8)— (9) 

» — S= ± %'=ror ±1 (Il)= v(10) 

='+2»»+J>=±n (12)=(8)+(9) 

i+»=±v'llor±%'— 11 (13)=,^(12) 

i=l(±»'ll±>/-l)or)(±>'^ll±l) (14)- ^"'+'"' 

!l-l(±v'll=Fv'-l)ori(±v'=TT=Fl)(15)-^i5i=iiy 
Cj.'-»' + l = 3 (1)) 



■I' 



Subtracting (1) from (2), we GdiI 

jV + jli — y»' = 3. (3) 

Dividing (3) by (1), we get 

J=l. (4) 

This value of y substituted in (1), gives 
1=3. 

„ p. ) =9(Hy+60(»-,')-720(!/-l) (1)/ 

) (y«— 4y44)x ^ 3 _ 12 -gX 

C 6 X ^ ') 

to find X and y. 
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Multiplying (2) by 5x(y^ -\- iy -\- 4), it becomes 

( =16isr'+60iy+60i— 60J'— 240y— 240 > ^ ' 

Subtracting (1) from (3), we have 

0=161}" — 30ij+480y — 960. (4) 

Dividing (4) by 15ry -f~ 480, it becomes 

= »-2, (6) 

.■.J = 2. (6) 

Tliis value of y substituted in (2), gives 

x=4. (7) 



18. Given J^i + z«!=l6 


(2)^ 


to 


Snd2,, 


( ij"+iV-2i+2— 8 


(3)) 


and 


z. 


Dividing (2) by (1), we Snd 








z = 3. 






(4) 


Substituting this value of 2 in (1) and (3) 


and 


heybe- 


come 








IJ = 2. 






(6) 


ij(i+y)=2 + sj 






(«) 


Dividing (6) by (6), we find 








» + »=!+«, 






C) 


.■.y=l. 






(8) 


Dividing (5) by (8), we get 








x = 2. 






(9) 


(i(S+»)=. (1)1 








13. Given )y(.+«) = i (2)! 


, to find X, 


y, and z. 



Before proceeding to the solution of these equations, w* 
will remark, that they are symmetrical, and consequently 
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all the derived equations will either c<H>tain all the letters 
similarly combined, or else they will appear in systems of 
three equations each, wluch can be deduced from each other 
by simply permuting. 

If we take the sum of (1), (2), and (3), after expand- 
ing them, we shall have 

2xy-\-2yz-\-2zx = a-\-b-\-c. (4) 

In thb equation all the letters enter symmetrically ; 
therefore it will not give rise to any new equation by per- 
mutation. 

If we subtract twice (3) from (4), we get 

ixy^a+b — c. (5) 

By permutation, we derive from (5) these two equations :. 
2yz = b+c—a. (6) 

2zx=c+a — b. (7) 

Equations (5), (6), and (7) readily give 



iy = 



i±b — c 



_b-\-c~a 



_<-|-ffl- 



(8) 
(9) 
(10) 



Taking the continued product of (8), (9) and (10), we 
have 



«¥^'= 



(11) 



This equation conltuning all the letters symmetrically com- 
bined, can give no new condition by permutation. 
Dividing (11) by the square of (9), we have 
la+b--c){c+a--i) 
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By permuting, we derive from (12) these two equatioDE : 
(6+,-.)(.+t-c) 



(14) 



2(o+J— e) 

Takbg the square roots of (12), (13) , and (14), we find 
\ (n+i-c)(c+.-t) ) ' 
'=±1 2(J+<-.) i ■ ('*) 

\ (i+c-.)(.+t-c) ) ' 

"==•-•; 2(c+«^ — i ■ <'«' 



(17) 



\ (c+n->)(t+e-a) ) 
^=±1 S(a+i-t) j 

This question is a good illustration of the beautiful method 
of deriving one quantity from another, of a aimilar nature, 
by ^mply permutating. 

14. Given, the two equations 
' (a:'-Hr")(l+iV4-x'V-|-x'x"»+ie'V'»}4-iV' = a, 

to find x* and x". 

If, in these equations, we make successively the substitu- 
tions x'+x" = y',x'i" = y"j y'-]ry"=z',y'y"^z"i 
s'-j-s"=w', z'z"=v^'j we shall finally have 
to'-j- to" := a, 
wW =6, 

The quantities sought, x', x", will be determined by meam 
of these four quadratic equations : 

irf" — aw + 6 =0. 
z' — w'z -|- w"^ 0. 
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a* — y«-(-y" = 0. 
The first of these equatioos detennines w' and w" ; the se- 
cond z' and z" ; the third y* and y" ; and, finally, the 
foartfa x' and x". We thus successiTely obtain 

•. o±v'o«— 4J _ ffl^\/B" — i'A 
KT^ :: 1 w"^ -r— : 



gf ~ ig'rfc^u/*— 4io" ^„_ ip'=F%^w>«— iw" 






2 ' 2 ' 

and there are, conBeqaently, for sf, as welt at for x", six- 
teen different values. If we had solved the first two eqiu- 
tioBS by the commm method, we should, afler a laborious 
etimination, have obtained an equation of the 16th degree. 
If a = 371, and 6 = 13630, then will one set of values 
be,x' = Sand x"=3. 

15. Given } y'+yz + *«=6», (2) > to find i, j, z. 
<=«+z^ + z*=c% 13)> 
.(^^.+^)4,^^^^)^^^ I (4>.(l)+(2)+(3) 

4(^+!''+*')*+4(i»+jf»-fz»)(a^+y*+«) ?«..,„ 

»*+3«»y» + y« + 23:^+2y»i:=ffl'. (6)=(1)» 

y*+3yV+2' + 2y»E + 2z»y = i*. (7>=(8)» 

z« + 3z*a?+i* + 2rt:+2i»2=c«. (8)=(3)* 

4(x»-f-V-|-s')»-M(a:My+i')(Ty-|-yz+«) > (9)=2(6) 

— 2(xy+ys4.»:)»=2(a*+M+C*). ( +2{7j-)-2(8) 
35 
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or, which is the sftme thing, 
(i,+SK+a)^!(.'t»+J'c' i-ifa')-H,<+ll^c'). (11) 

e(xs+y2+xs)=6k. (13)=(12)x6 

4(x-h,+-)^8(^ H^S-«')+6t- (16)=(WH-(13) 

2(l^^-J^|-s)=± >/2(B>-|-ttfc>)-|-6i. (16)=V(i6) 
2(^ + j^ + ,.+^+SB + »*)( ,17)=<4)+(12) 
2x(r+y+2) = ffl'— M+c»+*. {18)=(17)-H2)X2 

1= g *— i'+c'+*= (i9>=(18)-r{16) 

Having foond the value of x, we may find ^e values of y 
and =, by simply pennuting the letters in the above expres- 
sion, (19). Since the expresuon for k is symmetrical, i^ 
must remun constAOtly the same. Consequoitly the deno- 
minator of the expression for x, (19), will not, during this 
permutation, change its value. 

In this way we find 

' ±v'2(5+5s+?)+a 



i:v'2(a>+J'+c')+6t 
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We have chosen this example, partly from its hang one 
ntiier difficult of solntion by tiie ordinary methods, and 
partly because it affords as excellent opportunity for exem- 
plifying the beauty of symmetrical equations. Equations 
(1), (3), and (3), which are given, are not only symmetrical, 
but they are also homogeneous. Consequently all our de- 
rived equations will be homogeneous, and will either con- 
tun all the differentletterssimilarly involved, as in (4), (6), 
(9), (10), (11), (12), (13), (14),(16), (16), (17), and (18), 
or else there will be a system of three equations which can 
be deduced from each other simply by permutating the let- 
ters, as is the case with the ^ven equatioss (1), (2), and 
(3), also equations (6), (7), and (8). Equations (19), 
(20), and (21), aie also of this nature. This perfect sym- 
metry of expressioBB, must in a great measure serve as a 
check upon our work, preventing errors which otherwise 
could not be so readily detected. 



(163.) QUESTIOKS WHICH KEQUISI FOB THEIR SOLTrTION A 
EirOWLEDGE OF QUAD&ATIC KQVATION8. 

1. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a man- 
ner that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, 
she would have drawn for this part 360 dollars interest ; 
and if she bad placed the second out at the same rate as 
the first, she would have drawn for it 490 dollars interest. 
What were the two rates of interest ■? 

Let X =1= the rate per cent, of the first part. 

Let y^the rate per cent, of the second part. 

Now, since the incomes from the two parts were equal, 
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they must have been to each other reciprocally u xtoy. 
Hence, if my denote the first part, then will m* denote the 
second part. 

We shall then have 

m(x+y)=13000. 
13000 



Consequently, 



laoooy 

«+» 
ISOOOx 



TlierefoFe, — ^V^ ^ the first part. 



, = the second part. 

"Ae interest on these parts, at y and x per cent., req»ee- 
tively, is 

I30y» ^ I30i» 

- — ; — and — ; — . 

Hence, by the conditions of the question, we have 



DlTiaing (3) by (1), we get 

Extncting the squue root of (3), ve hare 

Snbtnuning (1) from (fi), w« have 



(3) 



(«) 



(5) 
IKviding both numerator and d^eminatar, of the Icft-hasd 
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meoiber of (6), by z+y, and also dividiag botL members 
by 130, we get 



x-y=I. 




(6) 


Dividing (6) by y, we find 






?-i=i. 




(1) 


» * 






Snbtra<^g (7) from (4), we hsTe 






. -1-J- 




(8) 


Clearing (8)of tnd6ona, we obtain 






6y = 7,-6. 




(9) 


■ ■■t/=e. 




(10) 


Adding (10) uid (6), we get 






1=7. 




(11) 


Therefore Uie per cent, of the first 


part 


was 7, and of the 


second part was 6. 







5. A certain capital is out at 4 per cent. ; if we multiply 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 6 months, we obtain fH'^Ml}. 
What is the capital t Ans. |S660. 

3. There are two numbers, one of which is greater than 
the other by 8, and whose product is 240. What numbers 
are they 1 Ans. 13 and 30. 

4. The sum of two numbers is s= a, their product ^ t. 
What numbers are tfaey ? 

Ans <'+^(''' — *^) a— /(g^ — 46) 
2 ' 2 ■ 

6. It is required to find a number such, that if we multi 
ply its third put by its fourth, and to the product add 6 
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times the number require)], the sum exceeds the number 200 
by ai much as the number sought is less than S80. T 

Ans. 48. '% ' 

6. A person being asked his age, answered, "My mother 

was SO years old when I was born, and her age fnultiplied .^ 

by mine, exceeds our united ages by 3500.*' What was ^ 

his age 1 Ans. 42. 

7. Determine the fortunes of three persons, A, B) C, from 

the followii^ data : For every $5 which A possesses, B * 

has (9, and C $10. Farther, if we multiply A's money 
(expressed in dollars, and considered merely as a num- 
ber) by B's, and B's money by C's, and add both products 
to the united fortunes of all three, we shall get 8832. 
How much had each ? ' * 

Ans. A $40, B f72, C $80. 

8. A person buys some pieces of cloth, at equal prices, 
for t60. Had he got three more pieces for the same sum, 
each piece would have cost bim $1 less. How many pieces 
did he buy t Ans. 13. 

9. Two travellers, A and B, set out at the same time, 
from two different places, C and D ; A, from C to D ; and 
B, from D to C. On the way they met, and it then appears 
that A had already gone 30 miles more than B, and, accord- 
ing to the rate at which they travel, A calculates that he 
can reach the ptaoe D in 4 days, and that B can arrive at 
the place C in 9 days. What is the distance between C 
and D t Ans. 160 miles. 

10. The sum of two numbers is 10, and the sum of their 
fifth powers 17050. What are the numbers 1 

AnK. 3 and 7. 
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11. Tht sum of two numbers is 47, and their product 
646. Required the sum of their squares. 

Ans. 1117. 

13. The sum of tiro numbers is 30, uid their product 
99. Required tkie siun of their cubes. 



13. Divide the number o into two such parts, that the 
um of their redprocals may equal &. What are the parts t 




14. Divide -' into two such parts, that the sum of their 

re(»procals may equal 1 . What are the parts 1 

Ans. 3 and -. 
2 

16. Giren the sum of the squarce of two numbers =a, 
and the sum of thar reciprocals = fc ; to determine the num- 
bers. 

^S«mofnumber8 = jr«ft' + 2±2(«i»+l)*j . 

Ans.< 1 

(Difference " =Lr«4«— 3=f2(«4» + I)**] . 

16. Find the values of x from the equation 

4 21 + 8X ^ 

Aas. x^ — 7, or — 61. 
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17. Find the values of x from the equation 
I* — 
13 



+ ^^+"■ = 3.-8 



AjiB. » = 2±^'— 1. 

18. A and B can tt^ether perform a piece of work in 
two days, and it would take A, alone, three days longer to 
perform it Uian it would B alone. In what time can A and 
B respectively perform it 1 

. (A would require 6 days. 
"'■ i B " " 3 « 

19. A, B, and C agree to contribute $730 towards build- 
ing a school-house, which is to be at the distance of 3 miles 
from A, and f of a mite further from C than from B. They 
agree that tb^r shares shall be reciprocally proportional to 
thdr distances from the school-house. When it was found 
th*t A paid 998 more than B paid. What was B's distance 
from the school-house "i Ans. 2f miles. 

30. I have a certain number iq my thoughts ; this I mul- 
tiply by 2), add 7 to the product, multiply this sum by 8 
times the number ; I then divide by 14, and from the quo- 
tient subtract four times the number, and thus obtain 2362. 
What number is it 1 Ans. 42. 

21. Find two numbers such, that their sum and product 
t(^;ether may be ^ 34 , and the sum of tiieir squares exceed 
the sum of the numbers themselves by 42. What are the 
numbent 

( 4 and 6 ; or, 

Ans, { 

( |(_ 11 + V_69), i(_ 11 _s^_69). 

22. It is required to find a number, con«sting of thre* 
digits, such, that the sum of the squares of the digits, with- 
out conudering their position, may be = 104 ; but the 
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square of thr miJJle digit exceeds twice the product of the 
other two by 4 ; further, if &94 be subtracted from the num- 
ber sought, the three digits become inverted. What num- 
ber is ft 1 Ans. 86S. 

23. Find two numbers such, that their sum, their pro- 
duct, and the difference of their squares may be equal. 

Ans. i±i^&,i±l^b. 

24. What two numbers are they, whose sum is 3, and 
the sum of whose fourth powers is 17 ? 

( S and 1 ; or, 

• I J(34.^^335), and J(3 — ^^^M). 
26. What two numbers are they, whose product ia 3, and 
the sum of whose fourth powers is 82 7 

( ± 1, and ± 3 ; or, 

Ans. { , — '■ — , 

I iV— l,andT^— 9. 

26. A and B can together perform a piece of work: in 3 
days, and it woald take B alone to do it 8 days longer than 
it would take A. How many days would A alone require 
to perform it? Ans. 4 days. 

FKOPEKTieS OF THE ROOTS OF QDADEATIC EQUATIOKS. 

(164.) We have seen that all quadratic equations can be 
reduced to this general form. 

x* + ax = b. (1) 

Tliia, when solved, gives 

'■■ — |±\/f + »- (S) 

Therefore the two values of x are 
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3. Wlifn a is negative anJ - is numerically greater than 
V --|~(, then both values of x will be real tnA pctitme. 



CASE II. 



When ^ — |- & w imaginary. 



In this case both values of x are i$naginary for all valiin 
of a. 

(158.) When h U negative, and namertcally equal to 

—.then both values of x become ^^^ — -. 
4' 2 

(159.) If we add together the two values of v, we 

have 

(-^v/F')+(-|-\/f^)=-.. 

If we multiply them, we find 

(-|V?^)x(-|-v/f7^)=-». 

From which we see, 

Vtat the ium of the roots oftht quadratie equation r*-]-ax 
= ( w equal to — a. 

Jind the product of the roots it equal to — fc. 

Hence the roots of the equation. 

3^— (n + rs)x=— Tirj, 
are rj and rs. 

(160.) We can also deduce these properties aa follows : 

If, in the equation x''~\-ax^=: b, we suppose the two roots 
otx to be Ti and rj, we riiall have 
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r;+ar, = b. 


(1) 


r! +«>■. = 4. 


(2) 


SubtiacUng (1) from (2), we find 




>•!— r!+aCr, — r,) = 0. 


(3) 
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. = ^-fi=3,o,2. 

Taking the first value of x = 3, we find its square to be 9. 

Five timea this value of x, is 5 X 3 ^ 15. 

And 15 — 9 = 6; therefore the number 3 satisfies the 
question. 

The number 3 will satisfy it equally well, unce its square 
^ i, which, subtracted from five times 2 = 10, gives for 
reminder 6. 

2. Find a number such that when added to 6, and the 
sum multiplied by the number, the product will equal the 
number diminished by 6. 

Let X ^ the number sought ; then, by the conditions of 
the question, we have 

(«+6)» = .-6. (1) 

Expanding and collecting termsj we find 

i= + 5x= — 6. (2) 

This solved ^ves 

. = ^ = -3,0.-.. 

Here, as in the last question, we find that both values of 
X will satisfy our question. 

If we take the first value, x = — 3, we find that the num 
ber — 3 added to 6 gives 3, which multiplied by — 3 giv« 
— 9 ; and this is the same as — 3 diminished by 6. 

If we take the second value, x ^ — 2, we find that the 
number — 2 added to 6 gives 4, which multiplied by — 2 
gives — 8 ; and this is the same as — 2 diminished by 6. 

3. Find a number which subtracted from its square, shall 
give 6 for remainder. 

LAx:^ the number, then we have 
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(1) 



This gives 

1±5 



! 3, or - 



If we take 3 for the number, its square is 9, from which 
subtracting 3, we have 6. 

Again, taking — 2 for the number, its square is 4, frmn 
which subtracting — 2, we have 6. 

So that both values of x satisfy the conditions of the ques- 
tion. 

4. A and B travel from the same place, and in the same 
direction. The first day A travels but 1 mile, the setond 
day he goes 3 miles, the third day 5 miles, and so on in 
arithmetical progression. After'A has been gone 8 days, 
B follows, travelling uniformly at the rate of 36 miles each 
day. How many days after fi starts will they be to- 
gether 1 

Let X ^ the number of days sought. 
Then will x -f- 8 = the number of days which A travelled, 
(i-f-8) = distance travelled by A. 
36x= " " B. 

Hence, 

(x + 8)« = 36*. 
Thin, solved by the usual method of quadratics, gives 

x = i, or 1= 16. 
Prom which we learn that they were twice together. First 
B overtakes A at the end of 4 days, uid then in 12 days 
more A overtakes B. 
In this case both answers are applicable. 

5. By selling a watch for (34, 1 lose as much per cent 
as the watch cost me. What was the cost of the watch 1 
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Let X = the number of dollais the watch cost. 
Then will x — 34 ^ the loss incurred by the sale. 
The loss per cent, will be 

(j — 24)100 

Therefore, by the question, we have this equation : 
100(3:— 24) _ 

X 

This gives x = 40, or x =-> 60. 

In this case, also, both answers are applicable. 

6. There is a number consistiag of two digits, of which 
the right-band digit is 3 greater than the left-hand digit, 
and the number itself is equal to the square of the right- 
band digit. What is tfae*number t 

Ans. 26, or 36. 

7. A. number consists of two digits, of wbit^ the rib- 
band digit is double the left-hand digit. The number ex- 
ceeds the square of the right-hand digit by 8. What is the 
number? Ans. 12, or 34. 

8. A and B speaking of their ages, A said he was 15 
years older than B, and that the square of his age was equal 
to 64 times B's age. What were their ages t 

j^^^ i A = 40 and B = 26 ; or, 
' i A = 34 andB=K 9. 

9. By the lav of universal attraction we knavtj that the 
attraction of different bodies^ at d^erent dittancUj varits di- 
rectly at their matiet tmd invertely u the tquaret of tMr 
distances /rom the attracted point. 

The above law being admitted, it is required to find a 
point in the right line which joins the centres of the two 
spherical bodies, who5P msMes are nti and vti, such that 
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this jKunt will be Bttracted vith equal force by each of tbe 
bodies. 

I ' I — I 1 — 1 :— 

pt n»i y* f fn* pi 

Let nil and m* be the poaUoD of the bodiei . 

Let the distance between tbe centres of the two bodi^ nii 
and mt^ d. 

Also, let p denote the point sought. 

Put x^=mij) = the distance from the body m to the 
point sought, measured fiom mi towards the right. 

Then i — z = m%p =: the distance from the body mt to 
the point, measured from mt towards the left. 

Now, having reference to the above law, we know that 
the attractions of the two bodies upcHi the point p will be to 
each other as the ezpresnons 

^' (d— 1)»' 
But, by the questions, these forces of attraction are equal ; 
therefore we have this oindition : 

Extracting the square root of both members of (1), we 
have 

"7" d—x " ^''' 

This reduced, by rales for mmple equations, gives 

„^=x= ^^ xd. (3) 

Hence, 

^=,i-,= '^•^"^ yj. (4) 

27 
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If w« we the upper agns, -we get 

„^= — :^ — xrf,) 

<"^ ^j C 



Bj takii^ tbe lower agns, ve have 



mip=^ 






(A) 



(B) 



We will now interpret these expressions for different nu- 
merical Tslues of d-, nhj 0*f) BOd, in order that the following 
reasoning may be r^dly correct, it is necessary to suppose 
all the matter of the boiUes mi and mg to be concentrated 
at the CMitres of the bodies. 



CASE I. 



Whm d'^afimite quantity. 
Jbid mi ^fiHi 



In this case, we evidently have 






>iand<l 



Consequently, the first set of values, denoted by (A), give 
mip = a positive quantity which is <d, bat > -. 

m^ = a positive quantity which is <^. 
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These values give for the point Bought, a positioD between 
ffli and mi, but nearer mt than mi. 






>1. 

= a negative quantity. 



Therefore, the second set of Tslues, denoted hj (B), giv« 
mip B a porative quantity which is >(i. 
m^ ^ a negative quantity. 
Nov, nnce the distances from ma, measured towards the 
left, are considered as positive, the distances in an oppoutr 
direction must be regarded as negative. 

Hence, these second values give for the point a portion 
on the right of mt. 

CASE II. 

When d = afiute quantity. 
.Sni f»i<m». 
In this case 



VttH + Vmt 



Consequently the first set of values, denoted by (A), give 
d 
fBip =s! a positive quantity > -. 

d 
m^ =: a positive quantity >-. 

And the point lies between mi and m^, nearer mi than ms. 
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AfUB, 






^ a negative quantity. 



: a pontive quantity > 1 



Therefore these second Taluee give for the point a portion 
«i the left of mi. 

This ease is obriously the same as Case L, wfaen we in- 
terchange the bodies hh and mt. 

CASE III. 

•Am nil ^ nil. 






Consequently, the first set of values, denoted by (A), give 
d 

d 

And the point is equi-distant from mt and nt). 
Again, 






=:ban infinite quantity. (Art.133.) 
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TTierefore, the second set of values, deaotcd by (B),giTe 
for the point a poution at aa infinite distance either to the 
right or left. 



CASE IV. 



Id tlus case, we hare 

mip:=0, 

for both sets nf values ; consequently there is but one p<HBt 
•which is equally attracted by both bodies, and that point is 
the comoioQ centre of the two bodies. 

CASE V. 
When i = 0. Mi mi = fli«. 

The first set of values evidently become 
myf = 0, 
m»p = 0. 
Which shows that the point is io the coouMn centre of the 
two bodies. 

The second set of values give 
m^p ^ ■: =.an indeterminate quantity. (Art. 134.) 

M^ an- =3 Ml indeternunatc quantity. (Ait. 131.) 

So that the point may be any where on the Kne wluch joina 
the centres of the bodies. Since the two centres are united, 
every line which passes through this common pi^nf may be 
regnHed as joining those centres ; consequently every point 
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in qtace iS| in this particular caae, equally attracted by each 
body. 

From the above discussion, we see that the analytical ez- 
pressionB are feithful to give all the particular cases which 
,are posnble to anse from giving particular values to the 
constant quantities which entei into the contUtions of the 
question. 

(163.) We will now add a couple examples for the pur- 
pose of illustrating the case in which the roots are imagi- 
nary. 

1. Find two numbers whose sum is 8, and whose pro- 
duct is 17. 

liet z=3 one of the numbers, then wil) 8 — z=sthe 
other number. 

The product is (8 — x)x = 8» — x*, whidi, by tte ctm- 
ditions of the question, is 17. 

Therefore, we have this equation of condition, 

a*_8» = — 17. (1) 

This, solved by the usual rules for quadratics, gives 
3! 5= 4 d= ^ — 1, for one of the numbers, 
•nd 8 — (4±v:ri)"=(4=FV^l7) for the other nam- 
ber. 

Therefore, the nombers are < ! 

both of which are imaginary ; we are therefore autliorixed 
to conclude that it is unpotnUe to find two numbers i^iose 
sum is 8, and product 17. 

W« may also satisfy ouiaelves of this as follows : Since 
the BDm of the two numbers is 8, they must average just 4 ; 
hence the greater must exceed 4 just as much as the less 
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Both these values are imagiliarj ; coaseqo^tly the cukdi* 
tions of the question are absurd. 

We may also show the impoerability of this question as 
follows : The sum bong 3 the numbers may be denoted by 



1-..$ 



Takiiig the sum c^ thor reciprocals, we have 



iriuch] when reduced to a common denominator, becomes 
8 
1— 3e«* 

The denominator of this expression cannot be greater 
than 1 ; for all real values of x, the expression moat ex- 
ceed 2. Therefore, ii is impoisible tQ faul two numhtn 
wftoie turn thall equal 2, and turn of their reciprocali equal 1. 

(163.) From what has been said, we conclude that when, 
in the course of the solutioa of an algebraic problem, we 
ftll upon imaginary quantities, there must be conditions in 
the problem which are incompatible. 

Under Art. 128, we remarked that imaginary quantities 
had been advantageonaiy employed as aids in the solution 
of many refined and delicate problems of the higher parts 
of analysis ; here we notice their utility in punting out the 
impossibility of questions, which otherwise, with only a su- 
perficial investigation, might be supposed possible. 
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(166.) When the arithmetical ratio of any two terms is 
the same as the ratio of aiiy other tiro tenns, the four terms 
together form an arithmetical proportion. 

Thus, if a — c =: r ; and a' — c'= f , then will 

«— c = a'— e*, (4) 

which relation is an arithmetical prpportioii, and is read 
tbna: 

a is at much grtattr than c, at a' it grtattr than c'. 

Of the four quantities constituting an arithmetical pro- 
portion, the first and fourth are called the exA'em£<, the 
second and third are called the meant. 

The first and second, together, constitute the firtt coup- 
let; the third and fourth constitute the second coi^^. 

From equation (4), we get by transposing, 

a + c'=a'+c, (5) 

vhidt shows, that the ram of the extrtmet, of tm aritkmtti 
eal jmportioH, it equal to the turn of the means, 

it c = a', then (4) beciHnes 

a — a'^o'— c*,- (6) 

which changes (6) into 

« + c'=2a'. (7) 

So that, if three terms coTutiiute an arithmetical pro- 
portion, the ram of the extremet teill equal tieice the mem. 

(166.) A series of quantities which increase or deaoM 
by a constant difference form an arithmetical progrettion. 
When the series is increasing, it is called an ateendingprtf 
gression; when decreasing it is called a dejccndut^projfr-tr- 



Thus, of the two series 




1, 3, 6, 7, 9, 11, (tc. 


(8) 


S7, 23, 19, 16, 11, 7, ic. 


(9) 
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The firat is an ascendiBg pn^reflmon, whose ratio or conr 
sum i^erotee is 2 ; the secfaid is a descen^i^ progrenon, 
whose common d^trenct is 4. 

(167.) H a = the first term of an ascendbg arithmeti- 
cal progression, whose common difference ^ if, the succe»- 
Mve terms will be 

a ^ first term, 
a -|- d= second term, 
a -I- 2d =: third term, 
a -|-3d= fourth term, V (lO) 



« 4- (» — l)d = nth term. 
. If we denote the last or nth term by /, we shall have 



'=«+(«- IK 


(U) 


rrom (11) we nadil; deduce 




.=;-(»-iK 


(12) 


-1-^t. 


(13) 


,.-+1. ' 


(14) 



When the progresmon is descending, we must write — d 
for d in the abore formulas. 

Suppose, in an arithmetical progression, x to be a term 
which is preceded by q terms ; and y to be a tenn which is 
followed bj f tenna; then by uui^ (11) we hare 

X—9 + qd, (15) 

Sr=/-}d. (16) 

Taking the sum of (16) and (16), we get 

x+y=a + l. (17) 
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That is, the sum of koy two terms eqiu-distant from the 
atremes is equal to the sum of the extremes, so that the 
tenns will averege half the sum of the extremes j conac- 
quentlj, the avmcfali the terms tquais htUf the turn of the 
extremes muliiplied hy the nurnber of terms. 

Represeoting the sum of » terms hy i, we have 

From (18) we easily obtain 
Si 



(18) 



l-|— • (20) 

•=.-T<- '"' 

Any three of the quantities 

a = the first term, 
■ d ^ common difference, 

n =: number of terms, 

/ = last term, 

f =: sum of all Ute terms, 
bmg given, the remaining two can be found, which must 
pre rise to SO different formulas, as given in the f(^owiog 
table for AarrmixTicu, PBooBEsnoK. 

(168.) We have not deemed It necessary to exhibit the 
particular process of finding each distinct formula of the {o\- 
lowing table, since they are all derived from the two fun- 
damental ones, (1) and (7) , by the usual opeimtions upm 
equations not exceeding the second degree. It will funuEAi 
a good exercise for the student to deduce all these formolfts 
by tiie tud, <»)ly, of formulas 1 and 7. 
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»,. 


ai«ii. 


W 


r„.„. 


o„. 


1 

3 
3 

i 


s, d, t, 

<h »i » 
i, », . 


I 


;= — Id ± v2i,+(o_ij)' 

,_2._ 

n 

. (»-l)i 

«"•" 2 


17 
19 

20 

18 

"F 

6 


6 

6 

7 
8 


«, ", ( 
J,.,/ 


s 


. = K2»+(»-l)dJ 
2 ^ 2ii 

.=M2'-(— i)J| 


9 
10 
11 
12 




d 


»-l 
2.— 2ii» 

.(n-1) 

2. — / — « 
. S»J— 2. 


12 
10 


13 
14 
16 
16 




n 


. = - + 1 


16 

14 


2s 


»=^-s-'-v^T-r 


17 
IS 
19 
SO 


4, », i 
li, », < 
J, J,. 

., ;, . 


a 


a=(-(n-l)i 
. (»-l)d 
« 2 


1 

4 
2 
3 


. = ??_, 
n 
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(169.) From the nature of an arithmetical progressioD, 
we discover that if we subtract the common difierence from 
the last term, we shall obtain the term next to the last ; if 
we subtract from the last term twice the common differmce, 
we obtain the second term fVom the last. Hence the terms 
of an arithmetical prt^resaon will be reversed if we inter- 
change the values of a and /, and at the same time change 
the 8^^ of d. Thus, the general form of an arithmetical pro- 
gression is 

o,a-M,a+2d, l—^,l—dyJ. 

Chanfpsg a to /, / to a, and changing the ngn of d^ we 
have 

/, l—i^ t~2d, a+2d, a+d, o, 

which is precisely the same progression as the first, with 
the terms arranged in a reverse order. The above change 
has, of course, no effect upon the number of terms, nor upon 
the sum of all the terms. 

Therefore, in any of the formulas of the preceding tabic 
We are at liberty to make the above named changes. As an 
example, we will take from the table formula 2, which is 
; =— {d ± v'2dj+(o— ;d)*. 

Now, changing / to a, a to /, and changing the sign of d, 
it becomes 

a = id±y^il+idy~2ds, 
which is formula 19. 

In the same way, formulas 14 and 16 may be deduced 
from each other. Such formulas as may be derived from 
each other by the above changes we shall call correlative 
formulas. It is evident that some of the fonnulas of the ta- 
ble have no correlative. Thus, formulas 13 and 15 are not 
altered by the above changes. Those formulas which have 
correlative formulas have them referred to in the table, un- 
der column headed Corr. 
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1 . The first term of an arithmetical piogression is 7, the 
common difference is <, and the number of terms is 16. 
What is the last term 1 

To Bolre thiS| we take formula 1 from our table, which is 

l=>« + {n — l)d. 

SubstitutiDg the above given values for it, d, and n, we find 

/ = 7 + Kl&— 1)=10|- 

S. the first term of an arithmetical progression is {, the 
common difference is ^, and the last term is 3). What is 
the number of terms 1 

In this example we take formula 13. 

which in Uiis present case becomes 

. = 3*-? I 1=26. 

3. One hundred stones being placed on the ground in a 
stnught line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by one 
to a basket, placed at two yards from the first stone 1 

In this example a = 4 ; (1=4; » = 100; which valnes 
being uibstttuted in formula 5, give 

< = 60{8 + 99x4^=30SOOyan]s, 
which, divided by 1760, the number of yards in one mile, 
we get 

< = 11 miles, 840 yards. 

4. What ia the sum of n terms of the progresnon 

1,3,6,7,9, 1 

Ans. s^n*. 
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b. What is the sum of n terms of the progreBsion 
1,2,3,4,6, ■? 

S 

OSOBIKTBICAL RATIO. 

(170.) When we compare quantities by Beeing how many 
times greater me is than aoother, we obtain geomttriaU 
ratio. Thus the geometrical ratio of 8 to 4 is 3, since 8 is 
3 times as great as 4. Again, the geometrical ratio of 15 
to 3 is 5. 

In the relation, - ^r, (1) 

r is the geometrical ratio of a to c. 
As in aritfam^cal ratio, 

a = anteeedatty 
e =: contequmt, 
T = ratio. 
From (1), we get by redaction, 

. = «r, (J) 

.=?. (3) 

Equation (S) shows, that tn a gtometrieat ratio the autt- 
ctiaii it tquat to the consequent multiplied fty the ratio. 

Elquation (3) shows, that the eoHitquent it e^uat to tht 
antecedent dioidtd Ay the ratio. 

(171.) When the geometrical ratio of any two terms is 
the same as the ratio of any other two terms, the four terms 
together form a geometrical proportion. 

Thus, if -as r; and -1=^1^) then wilt 
' e c' 
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which relaticui is a getMiietrical proporttDn, and U generally 
writtcD thua : 

• : c : : o' : e", (5) 

which is read as fi^ows : aistoe^tua' ii to c'. 

Of the four quantities which constitute a geometrical pro- 
portion, as in arithmetical proportion, the first and fourth 
are called the ei^emUf the second and third are called the 
means. 

The first and sec(«id constitute thejirtt couplet; the third 
and fourth constitute the seemi couplet. 

From equation (5), or its equivalent (4), we find 

«• = a'c, (6) 

which shows, that the product of the txtremet of u geomt- 
tricat proportion, ittqual to theproduct of the meatu. 

If c= a', then (5) becomes 

a : a' '. : a' : e', (7) 

wluch changes (6) into 

flc* = a", (8) 

to that if the two means which constitute a geometrical pro 
portion be equal^ then the product of the extremes toill equal 
the square of the mean. 

(172.) Quantities are sud to be in proportion by invor- 
lioH, or inverseb/j when the consequents are taken as ante- 
cedents, and the antecedents as consequents. 

From (5), or its equivalent (4), which is 



(9) 



we have, by inverting both terms, 



Therefore, by Art. 171, 



(10) 
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tVAicA i/toua, thai if four qutMtitief are inproportio» thty 
will be in proportion by inversion. 

(173.) Quantities are in prc^ortion by alternation, orat- 
ttmatdy, when the antecedents form one of the coupletvj 
and the consequents form the other. 

Reeuffling (4), 

"=?■ (") 

Multiplying both terms of (11) by -j, it will become 



Therefore, by Art.171, 

« : a' : : c : e*. (IS) 

Which shotDt, that if four quaxtitiea are in proportion thtjf 
vriil be to by alternation. 

(174.) Quantities are in proportion by com^ostft'on, when 
the sum of the antecedent and consequent is compared either 
with antecedent or consequent. 

Resuming (4), 

If to (13) we add the terms of the following equation - = -,, 
each of whose members is equal to unity, we have 

c c' 

Therefore, by Art. 171," 

a-irc : c : : a'+c' : c'. (U) 

Which ihowty that if four quantifies art n proportion they 
will he so by composition. 
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(176.) Quantities are said to be in proportion by division, 
lAen the difference of aetecedent and consequent is com- 
pared with dther antecedent or consequent. 

If we subtract the equation - ^ ~, each member of 
c c' 

iFbich is equal to 1, from equation (4) , we find 

a — c a' — c' 

c c' 

Therefore, by Art. 171, we have 

a—c:c\ '.a'—c' : c'. (15) 

Which thovuj that if four quantiiitt are in pntportion, thty 
teill be »o by division. 
fkiuatton (4) is 

a a' 

c c'" 
Raiang each member to the nth power, we hare 

5! — ^" 
c» €"■' 

Therefore) by Art, 171, we have 

o» : c» : : o'» ; c'". (16) 

Which shows, that if four quantities are in proportion, likt 

pmoers or roots of these quantities will also be in proportion. 

If we have a : c : : a' : c'. 



(17) 



&c., &.C. 

These give by alternation, Art. 173, 
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Therefore, hy invcrtiion, Art. 172, wc Ikave 



(18) 



Taking the sum of equations (18), we hare 

a+a'-l-a"+a'" + &c . ^ c + c'+c"+c'"-f fcc -j^j 

a c 

Therefore, by Art. 171, we have 
a~\-<t'+a"-\-a"'+SLc.: a : ; c-|-c'+c"+c"'+&c.:c. (20) 

Which showiy that if any number of qttantitiet are propor- 
tionalf the ntm of oil the antecedentt mil be to any one 
antecedent, at the mm of all the contequmts it to its corrm- 
ponding comtquetU. 
(176.) If we have 



; = ?' ^^^' 

$-%■ <^) 

Multiplying together the equations (21) and (22), we 
have 

^=»42<£1' (23) 

cxc" c'Xc'" 



D.nt.zedb/G00^lc 



eCOMEnttCAL PROGRESSION. SS9 

Therefore, by Art. 171, we have 

aXa" I cxc" : i o'Xa'" : c'xc'". (24) 

Wkieh thowtf that if there be two sets of proportianal quan- 
tities, the products of the corresponding terms toill he pro- 
portional. 

(177.) A series of quantities which increase or decrease 
by a constant multiplier ftHrms a geometrical progression. 
When the series is increa«ng, that is, when the constant 
multiplier exceeds a unit, it is called an ascending progres- 
sion; when decreasing, or when the constant multiplier is 
less than a unit, ^en it is called a deteendmg progression. 
Tins, of the two series, 

I, 3, 9, 27, 81, 243, &c., (26) 

2&6, 128, 64, 32, 16, 8, &c. (26) 

the first is an ascotding progression, whose constant muHt- 
plier or ratio is 3 ; the second is a descending progression, 
whose ratio is }. 

(178.) If a is the first term of a geometrical progression, 
whose ratio ^ r, the successive terms will be 
= first term, 
r^ second term, J 

= third term, 
r*= fourth term, \ (27) 



ar*~*= nth term. 
If we denote the last or nth term by /, we shall have 

;=«-'. (28) 

If we rqiresent the sum of n terms of a geometrical pro- 
gression by t, we shall have 
1 = + or + ar»+ar»+.. ..+aT*-^-h Of— '. (29) 
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Multiplying all the ttrms of (29) by the ratio r, we liave 
Ts = ar + ar'-i- ar'-^- ar*-{- ....+ or-'+ ar". (30) 
Subtracting (29) from (30), we get 

{r-iy = a{r^l). (31) 

■nieiefore, s = a.\ ^^ I . (32) 

Any three of the quantities 

a= first term, 

r ^ ratio, 

n ^ number of terms, 
; = last term, 
f = sum of all the terms, 
bong given, the remaining two can be fotind, which as in 
arithmetical progression, must give rise to 20 different fot^ 
mulas, as given in the following table for Geometbical 
pRoeiucssioiir. 



6 
6 

7 

8 


a, r, n, 

., », ;, 

r, n, I 


J 


, .(r--l) 
r— 1 
rf — « 
•~ r-l 


8 
6 
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... 


a.™. 


"r 


,»— 


^. 


9 


r, n, 






_ 1 


1 


10 


r, n, 




« 


,...('-')' 


4 


11 


r, /, 






» = '•'-('— 1)' 


S 


1 '2 


«, /, 






.(>-,)-'- 1 (,-ir-=o 


3 


13 


1, », 






'=#■ 




14 


B, n, 






'■-^+*— °=» 


16 


15 


", I, 










16 


n, I, 






■'-i^,'-'+.4i=« 


14 


17 
18 
19 
80 


a, r, 




» 


log' ^ 
^ log[»+(r-l),]-l<,ga 


SO 


log r 
logi-log. 
log(.-a) — log(.-/)^ 
I„g(-l„g[ri-(^l).l 


logr I' 





(179.) All the formulas of the above table are e&«ly 
drawn from the conditions o£(2S) and (33),'which conditioni 
' correspond with formulas (1) and (5), except the last four 
which inTolve logarithms ; we will hereafler, under Lt^- 
rithms, show how these formulas are obtained. 
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If in a geometrical prbgress'ion we change a to l^ I to o, 

end r to r~~'^ -, the progression will remain the same as 

before, takes in a reverse order. These changes being made 
in the formulas of the preceding tabic, we shall discover 
that some of the formulas, as in arithmetical precession, 
have correktive formulas. Those having correlative for- 
mulas, have them referred to in the table, under column 
headed Cor. 



1. The first term of a geometrical progresrion is 5, the 
ratio 4, the number of terms is 9. What is the last term 1 
Formula (1), which is / = of"-', gives 
/ =6 X4«= 327680. 

3. The first term of a geometrical prt^esaon is 4, the 
ratio is 3, the number of terms is 10. What is the sum of 
all the terms t 

b{,«_1) 

Formula (6), which is » ss — . , gives 



3. The last term of a geometrical precession is 106} {{ 
the ratio is |, the number of terms 8. What is the firs' 
terml 



(180.) When the progresrion is descending the ratio ii 
less than one, and if we suppose the series extended to an 
infinite number of terms, the last term maj be taken 
/ ^ 0, which causes formula 6 to become 
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' = ,-h, ' (33) 

W/iieh lAouu, that ike turn of an incite numier of ttrmt 
of a detttadmg geometrical progretsion it equal to itt Jirtt • 
teroLf Unded bg one dnMnu Aed bg the ratio. 



1 . What is the fliun of the infimte progression 

l + i + i + * + A + *c.? 
In thii example a = 1^ r:= }, and (33) becomes 

3. What is the value of 0^333 &&, or which is the same 
thing} of the infinite series ri4~ rfj + tAt-|~ ^''- ^ 
Here a = fy,r=j*t, and (33) gives 

3. WIntiatlieTalueor 0.13121219 <tc., or whichisthe 
nine, of M + n'Ai + t„».. »<:■ 1 

In this example e^^,r=STir)<'»d (33) gives 

4. What is the sum of the infinite series 

Aus. f. 
6. What is the sum of the infinite series. 

i+A + ri.+t«? 

Ana. i. 

30 
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6. Wlial is the sum of the senes 1-J 1 — ;-) — ; -f- 

.&c., to infinity ? 

Ans, . 

X — 1 

7. What is the sum of the series 1 H ;—: + t — i—rr. 

x+1 (i+l)' 

+ T — ;—,->, + Slc., to iafinity ? 



Ans. 



*+» 



8. Suppose the elastic power of a ball, which falb from 
a height of 100 feet, to be such as to cause it to rise 0.9375 
of the height from which it fell ; and to continue in this 
way diminishing the height to which it will rise in geomet- 
rical progression, till it comes to rest. How far will it 
have moved 1 

Ans. 3360 feet. 

HAHHONICAL PKOPOBTION. 

(181.) Three quantities are in harmonical proportion, 
when the first has the same ratio to the third, as the differ- 
ence between the first and second has to the difference 
between the second and third. 

Four quantities are in barmonical proportion, when the 
first has the same ratio to (be fourth, as the difference 
between the first and second has to the difference between 
the third and fourth. 

Thus, if 

a :c: la — b : 6— e, (1) 

then will the three quantities a, ft, c, be in harmonical pro 
portion. 

If a -.d: : a—b:c — d, {3) 
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The reciprocals of the arithmetical series 1, 3,3,4,5,6, 
^'^ h h h It it St whose numerators, when reduced to a 
common denominator, are 60, 30, 20, 15, 12, 10, which by 
the abore property must be in harmonica! prt^resdon. 

If six musical strings of equal tension and thickness, have 
th^r lengths in proportion to the above numbers, they will, 
when sounded together, produce more perfect harmony than 
could be produced by strings of different lengths ; and hence 
we see the propriety of calling this kind of relation, ^tr- 
memieai or fotaieai proportion. 

(183.) If we take the arithmetical mean, the geometrical 
mean, end the harmonical mean, of any two numbers, these 
three means will be in geometrical proportion. 

Let a and b be any two numbers, then will 
^{a + b)= thdr arithmetical mean, 
,/ab:= " geometrical " 

— J— r= " harmonical " 
a-\-b 

And we evidently have 

i{a + h): -/ah: : ^ab:^^. 

That is, 

The geometrical mean, bthoeen the ariifimeticiU meoit 
and the harmonical mean of two quantities, u the tame^at 
the geametriad mean of the quantities themselves. 
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by Google 



By a similar process we can show, that J» = B,; ^3 =^83 ; 
and, in general, A^ = B.. 

If we transpose all the terms of the right-hand member 
of (1), it will become 
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't.t^ti1^-^t.K + -'^' 



(A) 



Equating like coefficieats of y, we get 

^or = X" CI) ) 

^la: — ^30 = 0, (2)( 

^^ — A=0, (3)( 

^^_^, — 0, (4V 

and in general, 

w3«a! — ^»_i = 0. (»+l) 

Equating the coefficients of ^, we have 

-9«» — -?»_i= — 1. (5) 

From (.1), we find 

which substituted in (S), we find 

This in turn, substituted in (3), gives 

and in general we have 

In this general value of Jl^ write m — 1 for n, and we gel 

This value substituted in (5) , gives 

^^ — 1= — 1, or^„=:0, 
and consequently all the succeeding values of A» will be 
reduced to zero. 

These values of ^g; ■^,i •^f, -^a; &c., substituted id 
(1), give 

€sz£ = 3r-'+ir~-h,+j;^-Y...+x}r^+^>. (B) 
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we readily find 

„- _ „,- == (o + x)i— (o + X,)- , (6) 

and 

tf* — ui" = at — Xi. (7) 

Dindmg the left-hand member (rf (4) by tt" — Ui", and 

the right-band member by Ks equal X — art, observing to 

substitute «"—«," for (a +i); — (o + ii)J, as given by 
C6), and it will become 



«"— «i" K , (8) 

IMviding both numerator and denominator of the left- 
hand member of (8) by tt — Ui, and performing the diviuons 
indicated in the right-hand member, and we obttun by the 
ftid of equation (B), Art. 185, the following: 



i 



w— '+u,«— ^ + Ml— ' V (9) 

Mow, in (9), suppose z:3sxi, and consequently u = vt, 
and it becomes 

!!^f!!l! = ^ = ^.+ 2^^J_3^3r*+4^,x»4.&.c. (10) 
nu""' ti«" 

Re-Bubetituting (o -|-x)i: for u in (10), and it will becune 
m (g+x> ^^ ^ _^ 2^^ _j_ 3^^^,_^ 4,4«x'+ 4c. (II) 

Multiplying through by a + ^, and we obtain 
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(187.) The numerator of this coefficient being fonned 
of factors decreasing regularly by one, it follows that when 
p==fli+l it will vanish, and then the series must termi- 
nate ; so that the number of terms of the ezpantdon (B) 

will be m -|- 1. But when - is fractional, or a negative 

int^er, the number of terms of the expanaon must be 
infinite. 

When a or X becomes negative, then thoie f ermf of the 
expaiuian mil change lignt, which contain oid powert of 
tkit negative quantity. 

(188.) If iii(B),wewriteaf(n'xaadxfora,we8hallhaTe 

(*-|-fl) -= «-+«»«— "a + ?ifcl? *— »<!»+ kc. (17) 

'Now, since the left-band members of (B) and (17) are 
evidentljr equal, their right-band members must be ; and 
since, when m is a positive intc^^r, the number of terms 
of (B)as well as (17)i8 equal to m -f- 1, it follows that the 
terms of the expanuon (B) must be homogeneoue and syni- 
metrical, and thnefore of tins form 

(O+I)— 

If in (A) we suppose a = «== 1, we shall find 

l^ereforef m any expantion of a binomial, vhose terwu 
are both poiitiee, the tvm of the eo^eientt it equal to the 
tame pover, or root of 2. 
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(189.) If in (A), we suppose o = 1 ; i~ —1, we shall 
h&Te 

That u, tn any expantion of a hinmtiMi, one oftakoii 
term* is jugative, the sum of the coefficients is =0; and 
therefore the sum of the positive co^ieieats must he equtU 
to the rant of the negativt imm*. 

(190.) By inspecting fonnula (A), we discorer tiut 
the coefficients may be found in succ ession by the follow- 
ing 

RULE. 

Multiply any coefficient of any term by the exponent of 
the leading quantity in that term, and divide the product by 
the exponent of the following quantity diminished by one, and 
the result will be the coefficient of the succeeding term. 

APPLICATION OF THE BIROMIAL THEOKEH. 

(191.) We will now make an application of this theo- 
rem ; and, first, suppose in the expression (B), of page 346, 
we make successively m= 1, 2, 3, and 4, and the results 
will be precisely the same aa those first given on page 243. 
If we maki insuccession m^5, 6, and 7, we shall obtain 
the following results : 

(o+i)* =o»+5a*i-f- 10ttV+10aV+5a««+z», 

(a4^)- = 

■ o«-f6o»aH-15tt*j:»+20a»a*-f-15''***-+*w^+*'. 

U'+7a«x+21aV-i-35«V+35aV ( 
( +21oV+7m^+a:'. S 
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960 aEEIES. 

Or, 

(.+.) =. jl+___ + _g__4c.| 

4. Required the expansion of (l-|-z) . 

Tliis example will agree with ex&mple 1, if we write 1 
for a. Making this change in example 1, we get 

(1 +x)*= 1+--- + — -^;^g+ &c. 

5. Required the expanuon of (1 -^-l)* or y/2. 
In the last example make « =: 1, and it becomes 



(1+1) 



»=./<!=, J-1-JL 4-2 " 



In example 4, chaise x into — x, and we get 
L6x^_ 
4.6.8 



xi , a: I* 3x» 3.6a:* . 



This expanuon agrees with the one found by indetenni- 
nate coefficients. (See Ex. 3, Page 340.) 

7. Expand {a + x)-^. 

In (B), make m = — 4, and it becomes 

— a-*—ia-'x'+ lOo-'j'— 20<r-'i»+ SSa-V— 4c. 



-!-^.^ 



8. Required to expand — -. — or (o -|- a:)"'- 
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(p+,v/_l)* 



J+. — ^_, ,___, 



'p'+ir '1^-i+ta'' 't'-mr ■'■' 



•^i, 



14. What is the expansion of (p — q'^ — lyl 
Changing, in example 8, o into p, and x into — q ^ — 1, 
we easily find 

(p — 9v/rri) 

(I9S.) This theorem may be applied to quantities of more 
than two terms. 
Suppose we wish the ezpan^on of (a-(-A-)-c)^ 
Assume 

and 

Now, in (B), make x = d, and t»=3, and il will be- 
come 

Now, by assumption d = fi-j-c ; therefore we have 

and 

d» = 6»+36«c + 36c*+t». 

These values of d, d* and d^ being substituted in (1) , we 
get 

_ J a'+3ffl«6-{-3o»c+3a6^+6a6c+3oc'' ) 
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S64 BBBIEt. 

V— V{" 

t^_(7," = ffl,(* — x,)+a^««— a:*)+4c. 
Hence (4) becomes 

v--vr= i „, 

Dividing the left-hand member of (6) by V — (7;, uu) 
its right-liuul member by its equal 

«i(» — lO+M**— «!)+ *c., 
»«get 

[f-— 17,-_ ^ 

tr^W ( (6) 

ai(ic— ai)+(i»(i*— xj)-|- as(i*— *J)+ *«- / 

If we divide both numerator and denominator of the 
left-hand member of (6) by V — Vt, it will become [see 
formula (B), Art. 18SJ, 

p^■-^t7,D"-^■...^^r^ ,7, 

k ^^-'-|- If, u— •-)-.... !;;-'■ ^ ' 

If we divide both numerator and denominator of the 
right-hand member of (6) by z — 2 , it will become 



■ ^i-f-/ii('+")-Mi(''+«''+*;H- fa^ 



(8) 



"nie expres^ns (7) and (8) are equal. Now, when 
x = Xtt tbe ezpresmon (7) becomes 

wbich, by re-substituting tbe value of U, becomes 
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Equating coefficients of like powers of x in (14), we 
hare 

n 
2w4,flo+-3,ai = - A«i + 2^w«ona. 









If for ^0) we use its equal oi^, we shaU find from the above 
system of equations 
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W8 nmiM. 

The coefficients of the diSereot t^ms which constitute 
the right-hand members of equations (6) are the same as the 
coefficients of the different terms of the ezpanraon of the bi- 
nomial (1 — 1)", whose expanded form is 

'^+"^ 2.3 "I 2J.4 *°- 

HMice, the general equation of (6) is 

(. - . »l»— 1) . .<.^i)(.-a) . ) 



If the terms of the ri^t-haad members of (6) are taken 
in a rererse order, we shall have 



Wkm n u on esen numW, 
f .n(n-l) «(n— l)(n— 2) > 

ITlen n u on odd nion&er, 
j' , »(»— 1) . n(n— l)(n— 2) 



(A) 



(B) 



1. Required the first term of the fourth order of difier 
atces of the series 1, 8, 37, 64, 125, &c. 

In this example we have 

t,3Bl; oibS; as = 37i a4=>64; oi =:a 135 and n = 4 
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These values substituted in the formula (A), Mnce n it even, 
give 

4.3.g 

" 2.3 ■ "^ 2.3.4 ■ 
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— !)(.- ») (— lXn - 8)(-- 3) ) 

2 "•" 2.3 ( 

(_l)(»-2)(.-3X-- » ) , ^ I 

^ 2.3.4 V 

we haTe 



(C) 



KZAMPLES. 

1. Required tbe tenth term of the series 
l,-4, 8, 13, 19, tc. 
a, = 1,4, 8, 13, 19, 
D, = 3, 4, 6, 6, 
B,= I, 1, I, 
ft = 0, 0. 
Hence, in this ezaisple, 
a, = l; Di = 3; J?s = l; Z)s = Oj and It = 10, 
which valnes being substituted in (C), we find 



2. Requiredthenth term oftheseries2,6, 12,20, 30, &c 
a, = S, 6, 12, 80, 
A = «, 6, 8, 
I>,=2, 2, 
D, — 0. 
Tliese values substituted in (C), give 
*.=2+[_l).4+fc!fcS. 2 = „«+,=.(»+l), 
irhich IB the n& terra souglrt. 



D.nt.zedbyGoOglc 



SERIES. 

3. What is the nth term of the series 
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EXAUPLEB. 

1. Required the sum of n terms of the series 

1, 3, 5, 7, 9, &c. 

o, = J, 3, 5, 

iJi = 2, 2, 

i>, = 0. 

These values substituted in (D) , give 

^ = « + n(n — 1) =»*, for the sum of n terms sought. 

3. Required the sum of n terms of the series 

1, 3, 6, 10, 15, &c. 

a,= l, 3, 6, 10, 

D, = 2, 3, 4, 

!>,= 1, 1, 

These values substituted in (D) , give 

3. What is the sum of n terms of the series 
1, 2*. 3* 4* &C.1 



4. What is the sum of n terms of the series 

1, 2, 3, 4, 5, &C.1 

s 

5. What is the sum of n terms of the series 

1, 2% 3», 4', &c.? 

-.|--fc±l)j'. 
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(199.) If we take the difference between the two fractions 

1, 4_ Keshan find?-- -2-= ~^-■, hence 
f r-i-p r r+p r{r-\~p) 



'tr+p) p\r r-j-pl' 



so that any fraction of the form —— ^ — ^ is equal to-th the 

'■('■+;•) P 

difference between the two fractions -^ and - "— ; bcnce, it 

r r+p' 

follows that if there be any series of iVactions of the form 

— ^ — r, the sum of the series will equal -th the difference 
rir+p) p 

of a series of the form i- and another of the form — i— ; lo 
r r+p' 

Hoi whenever this diSereoce can be foiiiid, the aam oT the 

proposed series can be obtained. 



. Reqmied the sum of n terms of the series 
' ■ : + &*■ 

In this example 9=1; p = l; and r takes successiTely 
Ae values 1,3, 3,4, &,c. 
Hence, we have 

(1+1+1+1+....! ) 

;_/i+»+i+ '+J_K i?F5~M^i 

If n =: 00 , then the suin — —-- becomes ^ 1 . 
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and the sum of this has already been found. (See example 
1, of this Art.) Therefore, the sum of the proposed se- 
ries is 

6. Find the sum of the series <^ 



this becomes 

2^ «+l 



= 1.) 



If we use the upper sign, the quantity within the paren- 
thesis will = 1 ; if we use the lower sign, then this quantity 

win=o. 

Hence, the above expression will become 

a »-H 1 i_.s 1/1 -H^ ,1-r ' 

3 2»+3 2 2 3 2 \2 2»+3/ 6 2(2<i+3)' 
and siDCe p»2, we find 

o _ 1 -^ 1 . „ ^i. 
12 4(2»+3)' " 12' 

The upper sign has place when n is even, and the lower 
sign when n is odd. 

I , _ ^_ _^__^ iOr"' 

« = !■ 
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272 aERiKi. 

Therefore, we have 



_4 L_l._!! »+3 _3 ■ n'~j-n — 3 

1.2 1.2"*"«+l ^+l)(n+2) ~2+(«+l)(«-|^)' 
ffhicb, divided by 2p = 2, gives 



9. Find the sum of —^^ (-— ? — (-— ^-1 — \-ix 

1.3.6^3.5.7^6.7.9^7.9.11^ 

Ans. SJ=ll- 



(201.) It is obvious that tbb method must be a{^cable 
to series, the denominators of whose terms coaast of nwe 
than three factors ; but our limits will not allow us to pursue 
this subject any further. 

KEdTRBING SERIES. 

(302.) ^ recurring series is one, each of whose tenns, 
aAer a certun number, bears a uniform relation to the 
same number of those which imioediately precede it. 

Thus, the series 

l-|-2x+ar=+28a»+lD0i'-|-356x»+ &c. 
is a recurring one, each of whose terms, after the first two, 
can be found by multiplying the next preceding one by 
3x, and the second precedin;; one by 2z', and taking the 
sum of the products ; thus : 
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274 «nm. 

And in a Eimilar way, the successive terms of a recur- 
rii^ series, whose scale of relation consists of more than 
three parts, can be found. 

If we take the sum of the group of equations (A), putting 
5a for the Bum of n terms of the series, we shall hare 

Tbia solved for 5^, pvea 

p-H—i- 

By adding the group (B), and reducing as above, we find 

l +?(S--^,--*-i-v«.)+r(&-^._,-X-,— -4.) 
which solved for Sa, givea 

— 1)A— ^» ^ 

(D) 



(0'+g-i)-^i+0>-i)A-^> ; 

) p + v-f-r — 1 ( 



(204.) Proceeding in tbia way, we might find nmilar 
expressioDB for SL when the scale of relation conatsts of more 
than three parts. ' 

(206.) If (he successive terms of a recurring series ate 
decreasing, and the series is carried to an infinite number 
of terms, the last terms miiy be neglected in formulas (C) 
and (D), as of no appreciable value, therefore, supposing 
n = CD in (C) and (D), they become 



_ (r-i).},-A 



(E) 



*»- p-+i+r—l ■ '■^ 
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5. What )B the sum of the infiaite recurring series 
l+4i+6*»+llx*-}-28i*+63x*+ Ac.; 
in -which the scale of relation ia 

From these examples we see ^t the sum of an infinite 

number of tenns of a conve^ng recturing series, is in the 
fonn of a rational fraction. CooTcnely, all rational frac- 
tions, vhen expanded by actual dmsion, or by the method 
of indeterminate coefficients, as accomplished under Art. 
184, will give a recurring series. 

(206.) When the scale of relation is not ^ven, it may 
be found by means of a few of the first terms of the series, 
thus: 

Resuming our general equation (n) of group (A) Art 
203, where the scale of relati<m consists of two parts, p 
and ?, we bare 

-«, =p^w+?-i-* (1) 

Writing n-^ 1 for n, it becomes 

^»f,=p^,+?^^,. (2) 

From these two equations we readily deduce 

If in (3) ud (4) we put n =: 3, they will become 
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From (5) and (6), we shall be able to find the Kale of 
relation, when it consista of but two parts, hj the aid of 
the first four terns of the series. SqaatiMU (3) and (4) 
show that the scale may be found by unng any fonr eonse- 
cntire terms. 

By a rimilar process we might, by the aid of the first nx 
terns of the soies, find the scale oS relaticHi when it c<m> 
aists of three parts. 

(207.) 4 gtomttrieal ttria vuxg he also a recurring 
terU*. 

To prove this, we will take the general form of a g«a- 
metrical series (178). 

o + or+oH + ar* + or* + ar'+ (1) 

Now, in mder that thia may be a recurrijag Bwies, hafiog 
P and 4 for dte scale of relation, we must have, (103), 

=jwr -t-?a, 

= par' -\- gar*/ 
aT*=par*-\-qar'}^ 



or" = pat--' + }or*-«.y 

By jMiikiDg oat the factors cobudod to these condititniB, we 
see that each becomes 



which ^Tes 



,- = yr + 9, (3) 



=|±iV+4?- (4) 
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2TB uun. 

When thcM two Talscs of r are real, and not equal, 
ttkere will be two geometrical series which will also be re- 
curring, having p mi q for the scale of relation. 

We will denote these two values of r, by r' and r". 
And since it is immaterial what value we take for a, the 
first tenn, we will take a' for the first term when we use r*, 
and a" when we use r". - The two series will then bec(»ne 

.'+.V+.'W. + .'r"-|H.V' + .'r"+ ) 

•"+.'V'+.'V'M-«"r"'+a"r"'+ •"<"•+....,) * ' 
tsdi of which is a i«curriiig aeries haTing p and q for tlK 
seal* of relation. If we talre tile Bam of the correspond- 
ing terns of the two series (6), we shall find 

(o'+ o") + (.V+ «"r")+(. V 4 a'V") ) ,., 

+ (.■/•+ «'V") +(.V«+.'V'«)+te., ( ^ ' 

which is not a geometrical series, but is, nevertbelcMt, a 
recurring series having p and q for the scale of relatitm. 

In all recurring series whose scale of relation CMutsts cS 
two parts, we must, in order to be able to compnte the 
SQCcessiTe terms, know the values of the first two terms, 
which we have represented by ^i and ^t. 

Since the values of a' and a", in (6), have not yet been 
fixed, it is evidmt they may be so taken as to make the 
first two terms of (6) agree with ^i and ^t. This is effect- 
ed by making 

.'+."=^„ (7) 

•V+o"r"=j«^ (8) 

These eqaations immediate!; give 
,_J,~JIf" 



~ r"— r" ' 



TO 

(10) 
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The nth terra, Ji., of t!ie recurring series (6) is 

oV—' + o"r""-V 
Hence, if we substitute the values of a' and a", as giver 
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3. The recurring series, l-(-z-|-2z^-|>3a:^-f&E<-fttc., 

whose scale of relation is 2x, x% aod — Sx*, is the sum of 
the three following geometrical recurring tertei, each hay- 
ing the same scale of relation : 

1 , 2 

3+3' 

1 



1+ *4-2i' + 3i'-f6 a*+&c. 

(209.) From what has been ^own, it follows that we 
may regard all geometrical serieti as recurring series, bnt 
•11 recorring series are not geometrical series. When 
a recurring series is not a geometrical series, it is the sum 
ot two or more geometrical series. Hence, a geometrical 
series may be regarded as a particular case of a recurring 
series, the recurring series being of a more general form. 

(210.) We will ROW give some examples in which the 
general term, ^.g of a recurring series is required. 



1. Suppose the scale of reUtion of tike wries 
1 + X + 3«» + 5«» + lli* + 2I»« + fcc., 
tobe;>:=z; q = 23(*, what will be the nth term 1 

In formula (A), the values of r' and r" are given by (4). 
In this example they become 

r'=2i; r"= — x. 
From Hx given series we have 
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Substituting these values in formula (A), we &nd the 
Ana. A=§(2a:)—' + i(— *)*-'■ 
3. If the scale of relation of the series 
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Writing n — 1 for n, we find 

Substituting these values of ^a and ^.-t , together with 
the known values of p and 9, in (C), Art. 203, we have 
„ _ g-+»(l +;r)«-4 (1— 2g)(-«)-— 3 
'^~ 3(2*» + « — 1) ' 

or, perhapA a umpler form is 

_ (2"^-'=F2^x-+'-^(2*+'^l)j«— 3 
^'^ 6a:« + 3x — 3 

In this last expression, the upper »gn is to be used when 
n is etwt. 

2. Find the sum of n terms of the recurring series 
1 +x_).5a:»+13a:»_(-41rt-f- ate., 
whosa scale of relation is 

P=2x; q = Sxr'. 
In this example, the nth term is 



or which is the same thing, 

The i^>per sign must be used when n is tven. Writing 
n — 1 for ft, we find 

^« = ^(3— Tl).-^. 

The values of ^, ^o-i, fi, and q, being used, cause for- 
mula (C) to become 

3(3— ■=Fl)x-+' + (3-±l)j-+2x — g 
*•" 6x»-f4« — 2 



Use the upper agn when n is even. 
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CONTINUED FBACTIOMII. 
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284 CONTtHUCD IHACTIOHS. 

Now aubslituting for D3, its value pren by (4), and we 
obtain J =y-j-?i 

*^'T"B4+&c (6) 

(313.) Such expr«8sioiiB as the above Talne of ^, equa- 
tion (6), are called ooirriinrED fbactiobb. 

The expreBsions -^, ~, — , &c., of which — is the eene- 

yi J*! y» *« 

ral term, we shall call partial fractioru. The Dumeraton 
Xi,xia!i, XnjVe ahall call porfwi' noffumforf. 

The denominators yi, jht, ys, ya, in like manner, 

we shall call partial denominalori. 

If we compute saccessiTely 1, S, 3, 4, &.C., terms of the 
continued fraction (6) , by reduong them to the form of 
common fractions, we shall find 



^'"^ ■ a^_ J»iffijflrhci¥igW-3"»»+yyiayhgi» li^pi 

''' W yi3W»+ '«^+ Jfv'a 9*' 

&c fltc. 

We shall hereafter represent these successive values, 

which we shall call approximutive fractions ^ by the abridged 

expresaons — , -, -, &c., of which the general term is ??. 
9i 1-^ «3 ?« 
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OOirriHUBD FRACTTIORS. 3B6 

By carefully examining the above approximatiTe frac- 
tions, we discover the following relations : 
P»=plS^-^piX-i, (6) qs=qt!/t-\-qiXt, (8) 

pi = pa!l3-^paX3, (7) ?*= qaSft-^-^a- (9) 

By referring to our continued fiactios ^) , we see that 

ti vill change to^, if we sulwlitate «*+— for j^. Mak- 
tng this substitution in (7) and (9), we find 

Hence, f. = ;>4y44-Pa'^» (10) q» = q*!lA-^g^t. (11) 

And in the same way may p» and 91 be drawn from the 
next two inferior values. Therefore the law is geaeral and 
may be expressed as follows : 

P» = p«.iy^+J),-iai_i, (12) 

?. =?»-iJ'.-i+fr-«a^MH. (13) 

(314.) If we place our quantities in the following order : 

y yi sto ys V* y«^» y- 

1. t- f*. ??; ?1; ?=?; ??j&c. 

' 1 ' ft* ?s ' ^ Jn-t 9» 

Xl X Z| X4 Xs X. Z^l 

We may find the succnnve approximative fractions by 
the following 
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eOVtlRDED TtACriOIIS. 



RULE. 



MuUiplif t^ numerattyr of the latt apprmnmativt Jirac- 
turn by the partial denommator which itandt over it, md 
the numerator of the approarimative fraction which precedet 
thit, by the partial numerator which itandt under it; the 
sum of these products, noticing the signs, is the numerator 
of the next approximative fraction. In like manner vi 
mutt multiply the denommator of the last approximative 
fraction by the partial denominator which is over it, and 
the denominator of the approximative fraction which pre- 
cedes this by the partial numerator which stands under it; 
the sum of these products is the denomittator of the next 
approx i mative fraction. 



1. Find, by the abore rule, some of Ae a^^roxiiaatiFe 
fractions of tbe infinite continued fraction 



Our work, when execnted agreeable to the tbovt rule, vil) 

be as follows : 

< 3 6 7 9 

1 a 3fl— g' 16q— 6<*— o' 106a-~36a«— IQg'+a' 

6' i' 3 ' 15— ff* ' 105 — 10a» ' 

— o* — «* — a* -~-a' — B* [&e. 

S. Find some of the approximate fracUons oi the eoB' 

tinued fraction 
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COHTINtlED FniCTtOira. 
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eoMTimrED FftAcrioRt. 



with; then mil that tuccative quotients bt rapectiveiy the 

value* of yi,yt,Vih y,- 

NoTX. — In this rule we have supposed the vulgar fraction 
to be less than a unit, and consequently the integral part 
y ^ ; when the fraction is not less than 1, we ma; first 
reduce it to a mixed number, and then proceed with the 
fiactional part agreeable to die ahore rule. 



1. Ctamrt ^it^H into a eontinuetl fraction. 
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WHTIHUU) FBACTIOMS. 

Therefore, HHI!=— , 
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290 OOMTIHCKb FRACTIONS. 

(217.) Then/ortf tht value of ^ u atwayt comprisedht- 
tteetn too coiuecutive approximative fraction*. 

(218.) When 1 3«a;,=Xa=a:3= =a;,,eqiiationB 

(12) and (13) become 

pn = pn-iy»- +pm-2t (15) 

q, = q*-iy»-i+qms- (16) 

Multiplying (16) by f,_t, and (16) by p_i, and ,thcn 
taking the difference of the resalts, we find 

Puq^l — p»_l?, = — (p»-4?,_« —pn~^m-l)- (17) 

This shows that pi^n-i — p,-if.aiidp.^?i.-t-~J>*-a9*-i 

are equal iu numerical value, but contrary in sign. When 

ns=2y equation (17) gives 

Pifli — Pift = — (pi9« — Ml)- 

=?and?!!= 
1 qa 

poqi = — 1 i therefore, p«?i—/»i^ = 1, piqt—piqt=—i> 
p^q^ — p^f = 1 ; BtHfl so oo fof Other ramilar expressions. 

Heme, we always have 

p.9^1 — p,-i9, = ±:1- (18) 

The upper Mgn having place when n is even, and the lower 
eign when n is odd. 

If we take the difference of two consecutive approxima- 
tive fractions we shall find 

p^ _ p-zi __ p-q^-i—pw-q- 

qn q^i 9-9—1 

By (18), we know that the numerator of the right-hand 
member of this equation is = ±1. Hence, 

p, p.^1 ^ =bl ^,9^ 

q» 9—1 9«9— I 
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sdi 

Thii ihowtf that the i^trt»et between any fwa comrecv- 
twe approximative fradioiu it equal to the reciprocal of 
the product of their denomMiatort. 

We have already shown that the true value lies between 
the Tftlacfl of an; two consecutiTe approxunative fractions, 

and since Ai> ?*-it we have ■, > ■■ Therefore 

9—1 9.-1 q- 

tbe difference between ^^ and ^ is less than -. 'I%at 

if, the Hffertnce between the true value and any approxima- 
ttvefractionf it leu than the rec^ocal of thesquare ofitt 



Dividing (16) by (16) we find 

If, in this equation, for y^— 1| we substitute the complete 
», which we will represent by z, then will 



^S-^A. From the fbrm of our continued fraction (14), 

it ia obvious that z will also be in the form of a cootinued 
fraction. 

Thoa, z — 3^-iH j 

*■+— — 1 

y-+.+- 



This value of x being substituted for y.~t in (30), ' 
tave ^=&=±±£!:f. (21) 

Eqnttioo (31) inunediately gives 

^— fc! ,- l'—'>--'~l'— ■'■-' . (42) 

9^1 5^,({^,i+?m) 

A fi——I. P'^i1-' — P-''^-')' (23) 
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Tbc coaditioD of (18) cauMi thrse to become 

^ _?^ = • =^' ^ , (24) 

^^s 9^,(9^,z-f-?.-,) 

Now, by the nature of continued fractions, z>l, and 
j,_i >5,_g. Hence, the right-hand member of (25) is 
greater than the right-hand member of (34). Considering 
the numerical value without reference to the ^gns. TSu 
thows, that each approsimate fraction « nearer Me true valve 
than the preceding approximative fraction. 

If P^y Ji^ conditions (24) and (25) will give 
J»=fc!+ r-^i i. W 



-t^'- 



(27) 



If ?=?< A^ conditions (24) and (28) will give 
9-^ 



9^> ?^!(!.-i^+9-')' 
:-4, CO 

J=fc.' ^^ ^. (28) 

Equations (26) and (27) give 

lS&-' + f ;>J. (30) 

2h~<i ■!.-■* 
Equations (28) and (29) give 

Hence, the successive arithmetical means oftvio consecu- 
tive approximative fractions are alternately greater and lest 
than the true value. 
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If we take the product of (26) and (27), w 
little reduction, 
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denomiBatorf s, oi the approximative fraction ~, have a com- 
mon divisor h. 

Condition (18) shovs, tliat if p. and f. arc each diviable 
by kj then its left-band nember must be divisible by A, and 
consequently its right-hand member is also divisible by k ; 
that is, ± 1 is divi^ble by A, whit^ is absurd ; coasequentlv 
it is abaurd to suppose p^ and q^ to be divisible by A. 

(8S0.) In the case of l=Z|=:xs=S| = =*-* 

the rale under (Art. 314) will reqiure some modificatioB in 
order to appear in its simplest form. Thus, placii^ tkc 
quantities as follows : 

y yi y- sft y4 y^i »».... 

1 y pi ^ 55 ?^» & Ac. 

6' 1 ' ?l' Js' ?4 ?ii-l' f.* 

We deduce the succesdve approximate values by this 
RULE. 

Multiply the numerator of tht last approximatio* JraC' 
tion bjf the partial dtnomiaator stanJing over it, and to tie 
product add the numerator of the preceding approximatine 
fraction, and the lum will be the numerator of the neii ap- 
proximative fraction. In like manner multiply the denomi- 
nator of the latt approximative fraction by the partial de- 
nominator standing over it, and to the product add the de- 
nominator of the preceding appraximatioe fraction, and it 
mil give the denominator of the next approximative frae- 
tion. 

KXMtTLWM, 

1. What are some of the a|>pnnimatiTC fractions of the 
infinite continued fraction 
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1 + — 

2+: 



4+- 



6+—, 

«+— 1 
7+- 



1 2 7 30 167 »ra 

r 3' 10' 43' 225' 1393 
2. What are the approximative fractiona of the continued 
fraction 

2+--J- 

*+ — r 

1 7 8 23 100 623 ^3 1769 
3' M' 25' 72' 313' 1637' I960' 6537' 

This last value expresses accurately the true value of 
the above continued fraction. Whenever the value of a 
continued fraction is capable of being expressed rationally, 
it must connst of a finite number of terms ; but when the 
value is irrational, the continued fraction will extend to 
infinity. 

(231.) Continned fractions may be employed for determi- 
ning approximately the values of the square roots of surds. 
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Operating upon ^/19, we obtain the successive values : 



Collecting the results, we have 
ff = 4j !ft = 2, !*=!, yi=3, s*=l, yi = 2, » = 8, 
yT=2, &c. 

3 5 2 

— g— '"' 3~'"' ;— ''^ ~3~- 

The values of Vi, D.^, Z>3, &e., of which the geoenl 
term is D., are complete denominators of their eonespaaA- 
ing partial fractions. 

The values of yi,yn 1/3, &c.,whidiwe have alreadjr call- 
led partial deMminators, are the greatest integral parts of 
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their corresponding complete ilenominalors 7>|, D-ij D^) &c. 
In this example, we see that i>j^ JJ| = ^^H. , and 
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B+(Jlf. + ^f.+,)v'«+JUf.+T ) 
= y.A'.v'B+J.JV,;il.H i+J»".JV,+i. S 
Equating (he irrational parts, as well as the rational parts 
(Art. 116), we find 

M.+M.+, = sM, (41) 

S+MM.i.,= yJ^JIU+,+-fr^.i.,. (42) 
These equations readily give 

Jlf.+,=jJV._Jlf.. (43) 

Jr^,^S=^: (44) 

If in (44) we Eubstitute for Mn+\ its value given by (43) , 
we find 



a; 

Equation (44) gives 



In (46) writing n — 1 for ft, we get 



(46) 



A-^,=*-^'. (47) 

This causes (45) to become 

JVVn = AUt — y-W+2ff.^. (48) 

Equations (43) and (48) show, thatwhenJVV-i, A'a,aad 
Mm are whole numbers, then will A'.^.i and JH^+i be whole 
numbers. When b = 1, we have by (36) JV^i= I, JVm=b, 
and Mm = a. ■ 

Hmctf JVa and M^ are vihale mcmbert for atlvatuesof*. 

(223.) If in (21) we substitute ^°+'^—' tot s, A will 
to v^£, and we shall have 
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= . (49) 
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Suppose the number of terms in & period to be n, so that 

y,+. = y„Jlf,+,=^„j\V, = JV,. (54) 

If z denote the complete ilenominator, corresponding to 
the partial denominator y„, we must have 

z=y._a+^B. (55) 

Hence, 

^j,^f-'+f-'_P->-«)+y.v'J+r-., (56) 

?.«+}.-! ?.(!(. — •)+?.v'B+?,^i 
Proceeding with (56) is was done with (49) , and we 
find 

P.b. — «)+P.-i = B?.- (67) 

!.Cy. — »)+5^i=P.- (58) 

Equation (58) gives 

&=,._. +fc;. (59) 

Now, unce ^^^ csnnot be a whole number, it follovs 

that tf, — a is the greatest integral part of ^ ; but,since the 
procens begins to repeat at this point, the greatest integer of 



P? 



is a ; therefore, y, — = 11, hence, y„ = ia. 



So thai, uthenevtr ue obtain a partial derumiinalor which 
it equal to twice the greatest square root of S, tht process 
must begin to repeat. 

Equation (58) gives, when 2a is substituted for y^t 
f_i ^pm — a^Mf which, divided bjr ^ „ becomes 

?ld_E-_,. (60) 
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Inverting both members of (I6), it becomes 

- = L- . (61) 

Maltiplyiog the numerator of the left-faasd member of 
(61) by 9n— I) and dividing the denominator of the right-' 
hand member by the same quantity, we obtain 



9- y.-i+2^ t62) 

?— i' 

Writing n — I for n, in (62), and it givea 

,;.-■ _ 1 

1.-1 s^.+9j-. 
which substituted in (62) gives 

i^^ !_ 



Again, in (62), writing n — 2 for 



»-+r. <^'' 



}.-9, which substitute)) in (63), 
sget 

.'• - + -V 

-'i^. (64) 
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Continuing this process we discover, that the I'alue of 

— — is expressed by a continued fraction, less than a unit, 
9- 
of wluch the partial denominators are the same as those of 
the continued fractions ariung from ^B, taken in a reveriic 
order. 

From this, we see that if the partial denominators are 
symmetrical, that is, of the following form : 

Jus*)*") SsjJtjSH, (65) 



«• 9- 

4w_i:^pa, then will the partial denominators be symmet- 
rical as given by (66.) 

Now, (60) rikOWB, that ^^ is the same as the value of 

^ in the expansion of v/fi, after a is subtracted. 

Hence it foUova, that, if we neglect the integral fart 
a = y, the partia/ denominators of the continued fraetian 
anting from tie value of -/B, will recur in lymm^rical 
periods. 

(S24.) We will now extract the square root of Bonesurda 
by the method of continued fractions. 

From equations (43) and (44), we readily find M^t, 

AV-|-i,when y» is known. Then by condition TT **' 

= jfB+i-|-&c., we readily deduce j/m+i- Continuing the 
process in this way we find in succession all the different 
partial denomintUort, of which the general term is y.- 

Observing the above law of derivation, we have in the 
rase of x/19, the following successive operations : 
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ED FRA<?nONS. 303 

B-M'.+ 



JV. 



-a:'-JV.+,. 



19 — 4' _ 

1 
19 — 2* 

3 " 
19 — a* 

5 
19 — 3« 

2 
19 — 2" 



= 2. 
= 6. 



= 4 + atc; IX 4—0 = 4 

'^'H-^ = 2 + fa: ; 3x2 — 4 = 2 

.:^Ji±?=l+tc; 6 X 1-2 = 3 

:^"±2=3 + 4cj 2x3-3 = 3 

::-!S±2=l + 4ci 6X1-3 = 2 
o 

&c., &,c., &c. 

These operationB are all bo simple that most of the work 
can be performed mentally. Consequently, the conversion 
of the square root of a surd into an infinite repeating con- 
tiaued fraction, is a very »mple matter. 

If B:= 28, we shall have by proceeding as we have 
already done for B ^^ 19, the following periods of partial 
denominators : 

y* ¥'> 5^ ya> y*i 

6; 3, 2, 3, 10; 3, 2, 3, 10; 3, 2, 3, 10; &c. 
and our contbued fraction becomes 
^28 = 5+ i_ 



3+—, 



3+—, 
2+— 



3+.L_ 
10 + Ac. 
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If we compute some of the approximate fractions, bf 
Rule, under Art. 220, we shall find 

5, 3, 2, 3, iO, 3, 

^ . ^ . 2^ _ 37 ^ 127 1307 

' 1 ' 3 ' 7 ' 24 ' 247 ' ' 

247' 

and so on for the successive values. This last value differs 
from the square root of 28 by a quantity less than ■ 

In the same way we find, for the square root of 31, the 
following partial denominators, the first term being always 
the integral part : 

5 J 1, 1, 3, 5, 3, 1, 1, 10; &c., the approximate fractions arc 
1561139206657863 1520 16063 _ 
O'l' 1 * 2 '7 ' 37 ' 118' l55' 273 ' 2885 ' 

The square root of 44 gives the partial denominaton 

6 ; 1, 1, 1, 2, 1, 1, 1, 12 ; &c., the approximate fnc- 
tione are 

1_6_7 13 20 53 73 126 199 2514 . 
0*1*1' 2 ' 3 ' 8 '11' 19 * 30 * 379 * 
The tquave root of 45 gives 

6; 1, 2, 2, 2, 1, 12; ic, 
1 6 7 20 47 114 161 M46 . 
0'1*1'3'7'17'24'305' 
For the square root of 53 we have 

7; 3, 1, I, 3, 14; 4c., 
1 7 22 29 51 1^ 2599 . 
' i ' 3 ' "4 ' 7 ' 25 ' 357 ' ^' 

(296.) If we suppose j to equal the following infinite 
continued fraction, we have 
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• = '+- r 

8.+ J 
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CONTINUED FHACTIONi. 



4+ 



4+'- 
^4 + 8ic. (71) 



Again, suppose 

, 1 



2+^ 

^2o+8lc. (72) 

Transponng a and inverting both members, we have 

2+i— ^ 

^'^3+ke. (73) 
Transposing 2 and inverting, ve have 
s — a 



= !!«+- 



1-2.4-8. j^l_ 



' 2-l-ic. (74) 

Adding a to both membeni of (72), and it becomes 

•+«=2«H i 

2+J-^ 

^2+4c. f76) 

Equating the lefl-huul members of (75) and (74), wc 
hare 

Clearing this of fraf tiona, and reducing, we have 
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Hence, by addUion, 

'^=!l + ±-J- + ±- +tlil-. (A) 

q* ?i qi^ Ma M4 9^.9- 

The tenns of this series continually decrease, and are al- 
ternately potutive and negative ; consequenUy the error 
committed by taking n terms of the series is leas than the 
(B+l)th term. 
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(S31.) If in (1), we suppose b to be negative, we shall 
have a'= — h. Now, since a is always positive, the ez- 
presnon <^ is positive for all values of x either po»tive or 
n^;ative. 
Therefore, tht logarithm of a negative quantity it impotnble. 

(232.) Each different base most produce a different eje- 
tem of logarithms ; the logarithms in common use have 10 
for their base. 

So that we have 
10<'=1; 10'c=:]0; 10*« 100 ; 10*= 1000; &c. 

Hence, we have 
log. 1 = 0, 

log. 10=1, 

log. 100 = 2, 

log. 1000=3, 

Jog. 10000=4, 
&c. 

(333.) If we take the product of equations (1) and (2) 
of group (A), we shall have 

flH-»= be, (4) 

from which we discover that, the logarithm of the product 
of two quantitiet it equal to the mm of their logarithmt. 

^lid in gentral, the logarithm of a number conaitting of 
any number (f factors is equal to the sum of the logarithtnt 
of all Utfactort. 

(234.) It also follows from the above, that n times the 
logarithm of any nutnitr it eqwU to the logarithm of itt 
nth poiaer. 



"*■ fo= 


— 1, 


'"«• i5o= 


-s. 


'"*• 1000 = 


-3, 


'** 10000 


— 4, 


kc.. 
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This must be true for all values of y. 
When y= 0, it becomes 

Hence, 
.=log.A-=l.g.(l+.)=^V±£=gt^- CIO) 

Rc-substituting a — 1 foi m, and we have 
log. (l+n)= ') 

»— in'+t»'— }»'+ate. ? (") 

(" — i)-U«-i)'+i(«-i)'-U«— 1)'+*^) 

If ve assume 

■"-(— i)-i(.-i)'+K— i)--((«-i)'+tc 

we shall have 

log. (l+n) = Jtf jn — jn'-j-in* — jn*+i»'— &c.|. (B) 

If the base be so chosen as to render JIf ^ I, then for- 
mula (B) will become 

log. (l+a) = n-in»+iR»_in*+jn'-&c. (C) 

(238.) The l<^arlthm8 obtained by fonnula (C) are 
called hyperbolic or JVapiertan, whilst the common loga- 
rithms fpvea by formula (B), are called Briggean. 

LoED Napieb, or Nepek, is supposed to have first coo- 
atructed logarithms. The logarithntB in common use, were 
first calculated by Mr. Sbiggs. 

(339.) We shall hereafter denote the Napiereao loga- 
rithms by the abbreviation A* log., whilst the common or 
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Bri^ean logarilliius will be represented simply hj log. 
Hence formula (C) will become 

JVlog. (l-f-n)=n— ln«-f-in» — 1»*+1»»— &.C. (C) 
(240.) By comparin)!; formulas (B) and (C) we dtscovcr 
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A-log.(p+l) = 



If we take p = 1, formula (E) becomes 



3" = 9 0.66666666-;- 1 = 0.66666666 
90.a74074m'-^ 3=0.02469136 
9lo.00823045-^ 5 = 0.00164609 
9 0.00091449-r 7=0.00013064 
9 0.00010161 J- 9=0.00001129 
9 0.00001129J-11 =0.00000103 
9 0.00000126 -hl3 = O.OOC00010 
90.00000014 -r 16 = 0.00000001 

lo.oooooooi 

0.69314718 = A'log.2. 
Take p = 4, in formula (E), and we get 

A1og.6 = .Yl„g.4-(-2|i-(-g^+±,-H^^-H*e.j 

But JVlog. 5 = JVIog. 10 — A'log. 2 ; 

also, JVlog. 4 =2 JVlog. 2. 

Hence, substituting these values of JVlog. 5 and A*log, 
4, in the above expression, and we get, after transposing, 

JVlog. 10=3JVlog.2-(-2jl.,-3^-.-t.5i,-F^,+ tc.^ 

Executing the calculation, for the sum of the series, as in 
the above example, omitting the ciphers on the left, we ob- 
tain the following : 
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By equation (12), Art. 340, wf see tlial the Napierean 
logarithm multiplied by My gives the common logarithm. 
Hence, 

log. 2 = JVlog. 2xJf= 

0.69314718 X 0.43429448 = 0.30103000. 

The logarithm of 10 we know to be 1, therefore the 

log. 5 = log. — = 1 — log. 2=0.69897000. 
Formula (E), when adapted to common It^^arithms, be- 



log.(,+l)=. 

log.p+ajifS, 



^6(2,+!)' 



+ «toJ 



log- (?+')"= log- JI+ 



Take p ^ S in (F) , and we get 



,+&«■ 



Hf) 



log. 3 = log. S+0.86858896| !+g-^+A._+^^^+fa. | 



0.1737m9-M =>*0.1737m9 
694871-1-3= 231624 
27796-!-5 = 6659 

1112-7-7= 159 

44-i-9=. 6 



0.17609126 = 8Um of series 
log. 2 = 0.30103000 



0.47712126= log. 3. 
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log.99=log. 9-flog. Il=Slog-3+]og-Il, 
we thus obtain 
S=2log.3+log.ll+0.86858896|i + j^,+ic.j 

Or, by tiansposing, it becomes 
log.ll=2-21.g.3-0.868588%|jL + _|_+fc.j 

0.86868896 

436477-1-1 =0.00436477 
11-^3= 4 



0.0O136481 = sum of series. 
3 log. 3 = 0.96424253 



2.00000000 
0.96860733 

1.04139267 = log. 11. 

To find the log. ofthe next prime 13,\Teassumep = 1000 
in equation (F), and obtain 
log. 1001= 

log. ,000.^O86868896|^J-|.J^.-^ &c.| 

Now, since 
1001=7X11X13, log. 1001 = log.7-fl<^.ll+log. 13 

Hence, 
log. 13 = 

3-log. 7-loB. 11+0.86868896 1 ^^ + 3(2^.+^. ^ 
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200110.86858896 

j 43407 = sum of series. 

1<^. 7 = 0.84609804 
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(a_i)_.(„_i).+ .(,_i)._.(„_i).+&,.=i. (1) 

From example 3, page 260, we aee that if we have 



then will 



(3) 



Elquation (S) will agree with (1) when y = o, and x^l. 
Making these changes in (3), we find 



(4) 



B may be summed as foUows ; 



19841 
8480 
276 



2.71828180 = base of Napierean logarithms. 
This value, when extended to 35 decimals, is found to be 
t = 2.718281S2845904523536028747136266249. 



SXPONEMTIAL THEOKEH. 



(S43.) This theorem makes known the law of the dcTelop- 
aent of a' according to the ascending powera of x. 
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To determine this law, we will assume 
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^ = ^, 

3C=^B,> Therefore. 
4D = ^C,\ 

Hence, (1) becomes 

t'j_^ 

"^2.3.4"' 
It now remains to find the value of ^. 




(10) 



For tbu purpose, put l-|-6 = a, and we have a*= 
(t-j-i)*, which, by the Binomial Theorem, becomes 

(!+»)■= i 

rf xU-l)f ^r-l)(».-2)f S (II) 

'+T+ 1.3— + — ixr > 

Performing tlie multiplications indicated, we find the 
coefficient of the first power of x to be 

, 6* 



or, re-Bubstituting a — 1 for ft, it becomes 

(._,)_(!L:zi)Vi^--(i^'+»c. 

Therefore, 



If in formula (C), we put a — 1 for n, we shall find 



. fczLil" J. t-Zil' _ (--')' 



+Ilc. 
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Therefore, the above ezpresuon is nearly equal to 
0.01089. 

2. Find the 11th root of 11, that is, the Milue of the ■j/11. 
Taking the logarithm of this expreasion, we &»d 

log. >V11 = ,V of log. 11 = A of 1.04 13927 = 0.0946721 
= 1og. 1.24357 &c. 
Therefore, ^r 11 — 1.24357. 

3. What is the value of ?1^^1 

V6 

5 Xlog.8+Jlog.7-ilog. 6 = 4.51646+0^16993 

-0.1556302=4.6415191 =log.43794.53. 
Therefore, our expresdon is equivalent to 43804.63. 

(315.) The above examples will show the great advantage 
of logarithms in abridging arithmetical labor. In the higher 
parts of analysis, the use of logarithms is indispensable. It 
would not be difficult to propose questions, which by logs* 
rithms might be wrought in a few moments, but if wrought 
by arithmetical rules, would require years. The following 
example will illustrate the above remark. 

How many figures will be required to express 9^ 1 

The exponent of the above expression is 

9» = 387420489 .-. 99» = 9'"'**«"». 
Putting it into logarithms, we have 

1(^. g'*"""*" =387420489 X log. 9 = 

387420489 X 0.954242509439 =^ 369693099.63 &c. 

Hence, the number answering to this logarithm must con- 
sist of 369663100 figures. This number, if printed, would 
fill upwards of 266 volumes of 400 pages each, allowing 60 
lines to a page, and 60 figures to a line. 
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LOGARITHIfS. 
EXPONENTIAL EQUATIONS. 



(246.) An exponential equation is one where the unknown 
quantity enters as an exponent. 

Thus, tt'=bi£' = e: &£., 
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9S6 LOeA&ITUMl. 

Jt X 1<«. X = log. 100 = 2. (1 ) 

By a few trials we find the value of x to fall between 3 
and 4. If we substitute, in auccesEion, 3 and 4 in (1) , we 
ahsll find 

3xlog. 3= 1.4313639 
4 X log. 4 = 3.4082400 

0.9768761 = dlfF. of resulU. 
0.9768761 : 1 : : 0.4082400 : 0.418. 
Hence, 4—0.418 = 3.582 = x nearly. 

Upon trial, this value is found to be rather too small, whilst 
3.6 is nther too great ; therefore, subsUtuting each of these 
in snccesaion in (1), we find, 

3.582xlog. 3.582 = 1.9848779 
3.6 X log. 3.6 =2.0026890 



0.0178111 =diff. of results. 
0.0178111 : 0.018 : : 0.0026890 : 0.002717. 
Hence, 

3.6—0.003717 = 3.697283 = x nearly. 

2. Given a^=5, to find an approximate value of z. 

Ans. 3c=2.1293. 

3. Oiveo jc'=2000, to find an approximate value of x 

Ans. z =4.8278. 

4. Given X*' = 100, to find an approximate value of x. 

Ans. 1 = 2.2127. 

COUPODND IMTBKEST AND ANKDITIC8 BT LOGAKITRHS. 

(249.) hUerttt is money paid by the borrower for the use 
of the mon^ borrowed. 
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LOGAKITllMS. 



It is estimated at a certain rate per cent, jter annum ; that 
is, a certain number of dollars for the use of $100 for one 
year. 

The sum upon which the interest is computed is called 
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in turn, will the next year amount to pit? X A = pR* ; and 
•0 on. 
Hence, 

pH ^ amount for I year. 

;iA* =: amount for 2 years. 

pR' = amount for 3 years. 

pA* :=: amount for 4 years. 



pl^ ■■ amount for n years. 
Iler^ore, we hare this relation, 
a = pR^, 
which, in logarithms, becomee 

log.o = log.y-fnl<^. B. (1) 

(261.) When an annuity is left unpaid for n years, it is 
obnous that the annuity due at the end of the first year, moat 
be on interest n — 1 years, and must therefore amount to 
^il"~' i the annuity due at the end of the second year will 
be on interest n — 2 years and will therefore amount to 
Jl^-'y and BO on, hence, the amount of ^e anouity at the 
end of tt years will be 

^(B»-' + ii-*»+ ^+1)- 

The geometrical progression within the parentheas being 
summed, we have, after substituting r for B — J, 

.■^^(^). w 

We have said that the present worth of a debt is sach a 
■nm as being put out at inteieit, will, in the given time, 
amount to the debt, hence we have 
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LOGARITHUt. 



1. How mucli will (876 amount to in IS years, at 6 per 
cent, compound interest t 
Id this example, we have 

p=9J6; n=12; »=1.06; 
anil we are required to find a. 

Substituting these values in equation (1), we have. 

log. o=log. 875+12 log. 1.06. 
By actually consulting a table of logaritlims, we Rnd 

log. 876 = 2.9420081 
12 log. 1.06=0.3036708 



log. a = 3.2 
Therefore, a = |1760.672. 

S. What prindple will, in 10 years, at 5 per cent, 
to $1000 '? 

By transposition, equation (1) becomes 

log. p = log. a — n log. R. 

Substituting for o, n and Jl their given values, we have 

log. p = log. 1000— 10 !(^. 1.05, 

.-. I(^.p= 3 — 0.2118930 =2.7881070. 

And, p= 1613.913. 

3. At what rate per cent, will $100 in 16 years amonnl 

to |160 1 

Fquation (1) gives 

which, in this example, becomes 
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log.« = 



LOGARITHMS 

a .2041200 — 2 _ 

16 ~ 

.-. B= 1.0298] 
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In tilis particular CHse, we have 

log. P = 3.6235593 — 0,3642820 = 3 2692767. 
and P =$1858.988. 

7. What is the prescDt worth of an annuity of $100, to 
continue forever, at 7 per cent 1 



8. A debt, due at the present time, amounting to $1200, 
is to be discharged in seven yearly and equal payments. 
What is the amount of one of these payments, if the inter- 
est is calculated at 4 per cent ? 

In this example, we have given th« present worUi of an 
annuity, the time of its coDtinuance and the rate of iatereflL 
to find the annuity. 

Equation (2'), by a slight reduction, becMnet 

which, in l(^;arithms, is 

log. ^=\og. P+log. r-f-nlog. R — log. (ft- — 1). 
If we take 

P = $1200; r = 0.04; fl=1.04; n = 7, 
we shall find 

^ = $199,931. 

9. In what time will a given principal, at compound ute- 
rest, amount to m times the principle 7 

Under example 4, we have the formula 

log, a — log, p 

log. R ' 
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To make this agree with the present case, we must, for a, 
#rite mp, by which meam it becomes 
log, m 
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Comparing this with formula (B), Art. 243, we hare 

Using the cotnmoD logarlthiaa, we have 
log. a = .i( X0.4342944819. 

This foFmulft gives the logarithm of the unount of $1 for 
n years at r per cent. 

If we cal] n = 1 , r = 0.07, we shall find 1 .0726 nearly, for 
the amount. That is, the in^antaneous compound interest 
of$l for 1 year,at7percent.perannttm,is7^centsnearly. 
Hence, however often a person adds the interest to the prin- 
cipal, to form a new principal, he cannot make more Han 
7| per cent., when the rate is 7 per cent, per annum. If 
we take the rate per cent, per annum, at 6{f , and compute 
the instantaneous compound interest on fl for 1 year, it 
will be just the same as the ample interest of$l for the same 
time at 7 per cent. 

(263.) Before closing this chapter, we will show how for- 
mulas 17, 18, 19, and 20 of Geometrical Frogresaon were 
found. 

By taking the logarithm of both members of No. 1, as 
given in the table under Art. 178, we have 
log. / = log. <i+(n — l)log. r. 

This gives 

n ] _ 'og- ^ — log- • 
log. r ' 

„=!£s4rzi^^'"+i, 

log. r 
which agrees with Mo. 17. 

No. 5 is readily put in the following form ; 
a + (r— l)j or". 
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OENBRAL PBOrBETlEa OF EQVATIOM*. 



OHAPTEEX 



GENERAL PROPERTIES OF EQUA- 
TIONS. 

(264.) Any ntunber or quantity which, when substituted 
I'or the unknown quantity in an equation, satisfies the equa- 
tion, is called a root of that equation. 

If the general algebraic equation, 

IS satisfied by making x = Oj, then ai is a root of equa- 
tion (1) . 

SubstitutiDg ai for x in (1), we get 
at+Aflf-'+Aat-' .... +X-ni«+-«.=0. (2) 

Subtracting (2) from (J), we have 

-J. »(x-a,)=0. \ ^> 

We know that each of the expresiions 
I" — af, 
2^'— op', 
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eXH£RAL PIL0P&ETIE9 a 



is divisible by x — at ; consequently, t^ie left-band member 
of (3) is diviuble by z — Oi. 
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a new equation one degree less than (2), and conaequently 
two d^ees less than (1). Let this new equation be rep- 
resented by 
«-«+C,a-«+C,i-* + C.-3JH-Ci_8 = 0. (3) 

If 03 is a root of equation (3), we can diride it by x — oj, 
we shall thus find a new equatioa of three degrees less than 
equation (1). If we continue in this way, we shall, after » 
divisions, obtain an equation whose degree = ; therefore, 
equation (1), is competed of n factors. 

X — fli; X — At; X — flg; &e. 

Hence, we have the following property : 

(367.) If oi, a«, 03, 0., denote the n roots of our 

geTttral eqvation of the nth degree, then thit eqwUvm. will 
take the JhUomng form : 

(«— Oi)(i— a«X^— fla) (« — B^i)(x— o,) = 0. 

This equation is Terified by malcing either of the n fto- 
toTB := ; that is, by making x = oi, or x = (i«, or x =: Oa, 
&c., from which we infer, that every equation of the nth 
degree, hat n root*. 

(S58.) It does not however follow, that all the roots Ot, 
Of) A*) at, &c., are different, since two or more of them may 
be equal, but still, their number must be r, since there are 
n factors. 

(259.) If all the roots O], St, cj, a» are n^ative, 

then each factor of the equation 

(x+«,)_(x+iu)(»+oa) («+a^,)(«+a,) = 0, 

will be positive, consequently each term of its equivalent 
value 

x"+^,T^'+^j3^» -\-:A^ix-^A, =s 

will be positive. 
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K the roots axe all poritive, then will the ttnaa of 

(« — Bi)(x — «^)(« — as) (x — a^,)(x — a,) = 0, 

when expanded, be alternately pontive and negative. 

(260.) Hence, if the terrru of any equation are nnther 
aU poritttttf nor alternately potitive and ntgatiee, thatetpta- 
Hon muit contain both potitive and negative roolt. 

(361.) Reasoning after this manner, Harriot hasshown 
That every tquaiiim vhote roott are poitible, hat at tnttny 
thangeM of tigntfrom -{-to — , or from — f o -f- , w there 
are potitive roott; and at many eontinuatione of the tame 
t^pufrom -\- to -j-, or from — to — , o* thtre are negor 
tioe roott. 

(262.) If, as ^e have already supposed, the » roots of 
an equation of the nth degree be denoted by «i, Of, og, . , . . a., 
we can put the equation under the following form : 
ix-ax)ix—at)[x — ai){x—ai)...,{x—a,) = 0. (1) 

Let us suppose ai>a«; a-tyan a»yai; and so of the rest. 

If a quantity h greater than O] be substituted for x in 
(1), the result will be positiTe, since all the factors will 
then be positive. 

If a quantity c less than oi, but greater than ih, be mb- 
■titnted for x, the factors will be all po»tive exc^t one, 
and consequently the result will be negative. 

If a quantity d less than ai, but greater than og, be sub- 
stituted for z, all the factors except two will be positive ; 
and nnce two negative factors produce a pontive product, 
the result must be positive. 

By following out this plan of reasonii^, we deduce the 
following property : 
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(263. ) If tao quantUits be succttstvely suhatituitd for x 
m any equation, and give rtsuUt afftcted toi^A DiFFEasNT 
•iGNfl, there must be an odd number of roots between thtte 
quantities. 

Btit if the two quantities vAen substituted for x give 
results affected with the bahe bioks, there must be either 
no root, or else an even number of roots tetoeen these quan- 
tities. 



1. Find the first figure of one of the roots of the equation 

a;> ^_ 1 .53C»4. 0.3x — 46 = 0. 
If we substitute 3 for i, the result will be — 4 .6, a nega- 
tive quantity. If we substitute 4 for x, the result will be 
43,2, a positive quantity. Therefore, the first figure of the 
root sought must be 3. 

2. Find the first figure of one of the roots of the equation 

ii^.3a»+2x*+6i— 148 = 0. 
Putting 2 for x, the result ia — 88, and putting 3 for x, 
we get 50, .*. the first figure of the root sought is 2. 

3. Find the first figure of one of the roots of the equation 

a:»_ ]7xs^54x - 360 = 0. 
In (hie example, the two consecutive numbers between 
which there is a root, are 10 and 20, therefore, the first 
figure of the root sought h 1 in the ten's place. 

(264.) By actual multiplication, we find 

(« — fl|)(l — ».) = l' "Ml + OiO,, 



+aia,i 
{x — a ){x — Oa)(a;~fl:i)=r' — a...V x'-i-OfOi? x — aiOaa., 
+ajaa7 



-"I 

—a... > a 

-03 J 
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a:"+^ia--'+j}»af-» A-iX+^, =0. 

is composed of the continued product of all its roots. 

Hence, if a -f- ^ — 6 is a root of this equation, then also 
will a — ^ — b be a root, unless j7s is imaginary. 

In the same way, if a'+v^ — &'isaroot,thenwillai — ^ — 6' 
be a root, and so for other im^inary roots. From this we 
infer the following properties : 

(267.) Evtry equation Hat an even nvmber of imfOitibU 
rpotty or elte none at all , 

An Cfuofion of an wen degree ?nay have all its roett im- 
pottiblt; hutiftKey are not all tmpOfM&/e, too oft/um at 
leatt arepotiMe. 

IfaUtht rooti of an equaiimt are impottibley then what- 
ever values are nibtlitvted for x in that eqwition, the ratutt* 
will alwayt be affected with the tatne tignt. 

An equatim of an odd degree haa at leatt 0A« real root. 

(S68.) If we divide both members of the identical eqva- 
tion 

1-+^,*^' +-»,!— ' . . . .v9^,«+^,— j 

(x — a,)(x— a,)(x— as) (*—«■)» 

by af , we shall obtain 

"^ * "*" x» * * " a:^' ''" «• ™/ 

(-5)(-5)('-?)--('-')$ 

Taking die logarithms of both members, we find 
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Bjr equaling the coefficients of the like powers of z, in 
(B) and (C), ve find tlie following interesting properties : 

0. +"»+*»»•••. <>■ = — -^n ' ■\ 

<* I +*! +«! . . . . o* = Jl* — 2^e, / 

o;+«;+-a» . . . .flj = — ^J+3j9ij9»— 3^„ ( 

«t-H:-Hi. .-.«:= ( * * 

j« • -4j«M, 44^,-flH-2-« J— 4-84, \ 
Ac., &C. / 

(S69.) These relations make known the sum of the mth 
powwa of all the roots of an equation in terms of its coeffi- 
cicBts. 

(370.) If we suppose the general equation is deprived of 
its second term, or which araounta to the same thing, if we 
suppose ^1 := 0. the above results of (D) will become 

«i +«.+*» ••••"■ =**> ^ 

«i +«! +*! ■ • • 'Ol = — 2j5», / 
flJ+«J-i-«»"'*«J = — 3>.*3> V (E) 

s* ^oj -i-oj . . . .ai =S^J— 4 JItX 
&c., &c. ) 



TEAaSFOWIATIOItS OF EQUATIONS. 

(271.) We will resume our general equation 
i-+^i*^'+A*^ +Jl»-,x+Ji, = 0. (1) 

If in this equation we soppoee se = <(-f-x', ubeingaDew 
unknown quantity, end x* an indeterminate quantity, wc 
rinU hare 
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which, when expanileil by the Binomial JJieorem^ becomes 
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.(i!_J.l = 0, 



or, by tronspos'mg, 



The same result as was obtained by the direct wlutioii 
of the above equation under Art. 15), formula (D). 

2. Transform the cubic equation 

into a new equation, wanting its second tmn. 
Assuming z^ u ^j we get 

(-^)"+^'("-4')'+^'(-t)+*=»' 

which, when expanded and reduced, gives 



We might proceed in this way for the transformatitMi of 
equations of higher d^rees, but its easy to see that this 
method would be very lengthy and complicated for such 
equations, we shall therefore seek some law by which these 
transformations can he made with less labor. 

(273.) If in the general equation 
i!-+^,3--'+^Br— '' + A-i*+ A = = A. 
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we substitute z'-f<u for x, and imitate tlie operations of 
Alt, 271, we shall have 






+(n — IjAx-", 






+(« 






If in the above transformatioa , we put X' for the cbefficient 

of u^, or which is the same thing, for the Bom of the tenoB in- 

depcndoit of u. Also, put X' for the coeffideot of u, and 

J?" X"" 

-^ for Uie coefficient of u», —5- for the coefficient of w», 

and so on, we shall have 

X= af +^,af-' 4.ji»r^» -9,^^-f-.;J„ 

r=i'"+.«,«'— '+-«,«'-* A^3f+A^ 

I'"=»(n— ly- •+(«— 1)(»— 2)-«,x'"-'+ 

J""=«(»-l)(«^2)«"-^+(»i-l)(»-2)(»-3)^,«'—.. 
&C., Ac. 
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If we examine tlie above expressions, we slmll discover 
the following law : 

X' is derivtdfrom the general equation X, by timptg 
changing x into x'. 

X" it derived from X by multiplying each of the tervu 
of X by the exponent ofx'in that term, and diminishing 
this exponent fcy a unit. 

X"' is derived from X" in the same manner as X" wu 
derived from X'. 

.Sndj in general, a coefficient of any rank^ in the above 
transformed eqwition, is formtd by meant of the preceding, 
by multiplying each term of the preceding by its exponent^ 
and dividing the product by the number of coefficients which 
precedes the terms sought, and diminishing the exponent by 
a unit. 

(374.) The polynomial X" is called the jtrif derived poly- 
nomial of X'. 

The polynomial of A"' is called the second derivedpoly- 
nomial of X ; and so on for the succeeding polynomials. 

(S75.) We will add a few examples to illustrate the above 
law. 

1. Transform the equation 

*'— 12j*+17^ — 9x-f-7 — 0, 
into an equation wanting its second term. 

By Art. 272, we must substitute «+— =M+3,or 3+« 
for x; this transformed by Art. 273, will be of this form : 

2 " "^ 2.3 ■ 
Now, by the above law, we find 
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r = (3)'— 12(3)'+n(3)'— 9C3)'+7 = — 110, 
J["=4(3)- — 36C3)'+34(3)' — 9 =—133, 

?^"=6(3)' — 36C3)'+17 =— 37, 

|^ = 4(3)._ia = 0. 

Hence, our transformeil equation is 

u< — 37tt*— 123b — 110 = 0. 
S. TraOBform 

ar* — lftF*-|-7i»+4x — 9=0, 
iDto a new equation wanting ita aecond tenu. 
Proceeding as above, we find 

X' = (2)« — 10(2)* +7(2)»+4(2)' — 9 = — 73, 



r| = 6(8)' - 40(2)-+21(2)'+* 




=—162, 


^=10(2)--60(2)'+2H2)' 




= — 118, 


-^' = 10(2)'-40(2V+7 




= - 33, 


g;:=6(2V-10 




= 0. 


Hence, our transformed equation ii 






ii' — 33u" — 1 18k' — 162« - 


-73 


= 0. 



3. Tranaform 

3«»+16**+25i — 3 = 0, 
into an equation wanting its second term. 

Dividing each term by 3, in order to make it agree with 
the general equation, we get 
25 
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Now, in order to malce the second term dinppear, we 
most, by Art. 272, nibstilute — --j-u for at. 

Hence, 

= 0, 



X" = 


.(: 


-ij 


'+io(- 


6\ 26 


f-(- 


-I) 


+6 




Ho.», 


, the transformed 


«>ugh^i. 








It* — 


-^^ = «- 



In this example, the third term vanishefl at the same tine 
as the second. 

4. Transform 

into a new equation, of which the roots shall exceed by a 
unit, each of the corresponding roots of the ^v^ equation. 

We must assume u^x-{-l or z=u — 1, which gives 

J7==4 (— 1)" — 5 (— 1)»+7(— 1)' — 9 =— 26, 

X"=12(— ly— 10(— 1)'+7 ^ 29, 

2 ' 

2.3 
Hence, the transformed equation is 

4w'— 17«'+29« — 25-=0. 
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(276.) The derived polynomials possess some remarkable 
properties, which we will develop. 
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X= (x—ai){x—-a^){x—<i;,) . . . .{x—a^i){x—a 
X — Hi X — n^ X — aj x — a. 
'" ~ (xi^,)Ci-ft,)'^(r-«,X»-^+ }/ '■*' 



ZQCATIOKB HATING SQUAI. BOOTH. 

(277.) Let X denote tbe first member of the equation 

i-+^,i— '+^,)--» +^^,i+^. = 0, (I) 

and suppose m factors equal to x — a, m' factors equal to 
X — b,m" factors equal to z — c,&c.; also, that it contains 
tbe simple factors x— p,x— 9,x— r,&c., then we shall have 

x=(.-.r(i-jrc..-t)-....i ,„ 

(r-,Xx-,)(x-r)....=0. i *' 

Calling .X' tbe first derived of X, we shall, by (A), Art. 
260, have 

* — a X — b x — c *— p X — q x — r ' 

Hence, the greatest common divisor of X and JP ia 

/) = (—«)—('-»)'-'('-')•"-'■ (4) 

(278.) From this we conclude, that when the equation 
X = haa no equal roots, then tbe polynomials have no 
common measure. 

(379.) If the greatest common divisor D, equation (4), !■ 
of tbe first degree, and equal to .t — A^O, we conclude that 
equation^ = has two roots equal to h. And in general, if 
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X= 3* — 23* + Z^— 7i»+8x — 3, 
A'=5i* — &r» + ftc'— 14x +8. 

Seeking the greatest common divisor of X and X', we find 

hence, there are 3 roots equal to 1. 
If we divide the value of X by 

(i— l)»=i» — 3a:» + ar— 1 
we shall obtain the quotient x* -f- z-f-3. 

Thetworoot8of«* + »+3 = 0,area: = — 4±lv'— 11, 
hence the five roots of 

x»_2i* + 3i» — 7«"4.aF — 3 = 0, 

», », i,-i+is':rn,-i-iv':rri. 

3, Find the roots of 

!» + 5a:* + 6»* — 6*' — 15x* — 3x» -I- 8* + 4 = 0. 

Proceeding as in the last example, we find 
X= x'-^ 61'+ ex*— 6x«— 15t»— ae*+8i+4, 
j:' = 7ar« + 3(te»+30i* — 24iC»— 45a:»— 6»4-8, 
D= x*-|-3a:» + ar*— 3x — 2, 

Now, since the greatest common diinsor Z), surpasses the 
second degree, we cannot immediately resolve it. 

If we apply the same process to D, as we have done to 
Xy we shall find 

D= i«-f 3x«+ i' — 3x — 2, 
D' = 4x»-|-ftc» + 2i —3 = first derived of D, 
D" ^ X -^l^ greatest common divisor of D and D'. 
Hence, D has two roots e<}ual to — 1. Dividing it hy 

we obtain the quotient x*-\-x — 2, 

which equated to zero, gives 3r= 1, or z= — 2. 
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Therefore, D = (i+ l)»(ic — l){x + 2), 

and coDsequeatly, A=ti+ !)*(« — l)*(*4-2)^ 
and the equation has three roots, ^ — 1 ; two roots, ^ 1 ; 
and two roots, = — 2. 
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Now, if th« corresponding coefficients have the same ^gn, 
£^ — 1 will satiny (4), but if the corresponding coeffi- 
dents have contrary signs, then 7 = 1 will satia^ (4). 

(282.) Hence, —1 or -{-1 it (Uwaytone root of a recur- 
ring equation of an odd degree; consequeiUlyf by Jirt. 255 
tee know that a recurring ejuaiion of on odd degree it dinti- 
ble hyx+l, or by X — liandikeqtuaimtwUlbeareturriMg 
equation of one degree lower, and contequently of an even 
degree. 

(283.) The general form of a recurring equation of an 
even degree is 

This divided by x", becomes 

i-+^,*-'+^tf-'+ . . . .+j^+ A+L^o, (6) 

which becomes, by bringing the terms of equal coefficient! 
together, 

x.+J.+A|r-.+_i_^|+j^,.-.+-l_)+&c.=a (7) 

If we expand I x'H — |^jx(x-| — J, we shall obtain this 
identical equation, 

By transposing, we have 

where z = t-{- -. 
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If in formula (9) we suppose successively 
7»=1, 2, 3,4,5,. ...... 

we slia]l fini) 

-'+i.=(''+i)-("+j,)=''-^^+5., 



(A) 



^ntese value8ofi+-: x*-\ — i; i*+-i ; 4c., in terms 

of 2, being substituted in the general recurring equation of 
an even degree, will give an equation in terms of z of but 
half ttiat degree. 

(284.) From Art. 28l, we know that a recurring equation 
of the degree 2n-|-l, can be immediately reduced to a re- 
curring equation of the degree 2n,by dividing by x-j-1, or 
X — 1. Consequently a recurring equation of the degree 
2n~^ 1 can be reduced to an equation of the nth degree. 

Suppose, for example, we wish to find the five roots of 
the recurring equation 

x»— n«*+17z*-|-17a*— Jl«-|-1 = 0. (1) 

Since this is a recnning equation of an odd d^;ree, and 
the corresponding coefficients have the same ngn, it follows, 
by Art. 281, that one of its roots is — 1. Dividing this 
equation \rj «4~ ^> ^'^ obtain for a quotient this new recur- 
ring sqOKtIon of the fonrth degree. 

i' — IS;r«+!»x« — iar+ 1 = 0. (2) 
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Dividing this by x^y and reducung the result to the fonn 
of (9), Art. 283, we have 

*•+— 12(»+^) + 29 = 0. (3) 

Substttutiug, in (3), for x* + -^, ' + l> '^^^ values io 
terms of z, aa given by groop (A), Art. 283, we obtun 
«• — 2— 122 + 29 = 0, (4) 

or «» — 12z -(787 = 0. (6) 

Equation (6), solved by the usual rule for quadratics, 

gives 



z = 9, or « = 3. 


(«) 


Taking the first value of z, we have 




2 = 1+1 = 9, or *» — 9x = -l. 


(') 


Solving (7) by quadratics, we find 




'=14-- 


(8) 


Taking the second value of z, we have 




2 = j+l = 3,orz*-3i = — 1. 


(9) 


Equation (9) gives 




-44-- 


(10) 



Therefore, the five roots of the proposed equation are 
_l ^+>^'^'^ 9 — v'77 3+v6 3 — ^^6 
' 2 ' 2 ' 2 ' 2 ■ 

If the numerator and denominator of the tlurd root be 
each multiplied by 9+ ^ 77, and ttie numerator and de- 
nominator of the fifth root, be each multiplied by 3+ V 5, 
the roots will assume the following form : 
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So that a', a*, a*, a% &c., satisfy the equation x":^ 1, 
vhen substituted for x. These qaantities are therefore roots 
of the above equations. 

Hence, if au one of the imaginary roots of the eqvatioA 
t^ssml^ then any poaer of a, toill aho be an tmoginary 
root. 

From this it follows, that the roots ^±=^1, may be rep- 
resented under an infinite variety of forms, each term in 
the following series being a root. 

l,a,o»,a», o^'A 

a", (^', a»+', o*-i, f 

a*-, 0*'+' fl*^, a*^> y (A) 



(289.) When n is a prime number, the roots of the 
•quatioB «"= 1, are all contained in either of the expres- 
sions (A), for in each of these series of roots all the n terms 
will be different. But when n is a compoute number, the 
. roots of the equation are not all contained in »ther of the 
series (A), for come of them will be the same root nnder 
different forms, for suppose n := 7) X 9, and let g^p, tiiea 
the first series of (A) is the same as 
1,(1, a', a^, a', aH-'j(ir+', n*, 0*+', aW"'. 

Now, ance 

a»=l, n^= V 1=1; a!8oa»= Vl = lj 
therefore tlie terms 1, afy and a*, are each equal to 1, and 
consequently, each must be the same root under diffemt 
forms. 

(290.) Suppose we have 3f== 1^ where p = a prime. 
If we put af = y; then yP= 1. 
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Mow, suppose £ is a root of tf^ 1, it will fotlov from 
Art. 288, that the p roots of y'= 1 will be <lenoled by 

l,6,t«,6% 6p-'. 

Hence, by substitution, we have 

^J*-1=.0, (l)Nj 

ttf — 4 = 0, {S)> 



m 



(?)> 



The f roots of the first equation 3f^~ I ^0, hare already 
been found to be 

1,&,6%4', &p-'. 

If we make x = z%/ fi, the second equation of (B) will 
become 

therefore the roots of 3^ — A = 0, are equal to the roots of 
^ — 1 = multiplied by V 6- 

Hence, the p roots of (3) are 

V6, tV6, f Vi, 6^'Vi. 

Again, if we make z = :: V ^'; the third equation will 
become 

aP— 6^=(z''— 1)X6'=0; 
therdbre, the roots of x" — 6^ = 0, are equal to the roots 
ef 2r~ 1 =^0, multiplied by V &'- 
Hcmce, the p roots of (3) are 

Vi*, 6 V6*, 6' V**. 6^' V**- 

Proceeding in this way mny find the following for the pp 
roots of af"^^ 1. 

46 
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1,6,6', 6* ', > 

V6', ft VftS ft* Vft', l*^' Vft', C 



(C) 



vft^', 6 vft^', ft* vft^S 6>^'vft^'-y 

(291.) Again, suppose we bare 3^ — 1^0, where ;> and 
q are both primes. 

If we putaf ^y, we shall hare j* — 1=0. 
Let the q roots of this equation be 

l,a, 0% a*, <''~'r 

or which, by Art 288, is the same as 

1, a', a', a* o<»-"', 

then by substitution, we find 

/af— 1=0, (1)N 

W — tf = 0, (2)/ 

x--y=^'-«»-». (3)C ,„) 

We will denote the values of x in x' — 1 =0, by 

l,ft,6%A», 6'-'. 

If we make x ^ azy, equation (2), of (D), will become 
i^ — a' = {^—l)br = 0; 

therefore the roots of 2** — a' = 0, are equal to the roots of 
3f — 1 := multiplied by a. And in a umilar way we dis- 
cover that the roots of z*' — a^ ^ 0, are eqoal to the roots 
0(3^—1 = multiplied by a*, and so for the other equa- 
tions of (D). 

Hence, the pq roots of x" — ! ^ 0, are 
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Taking the first value of z, we have 
j=.+i = — i + iv/S.or^' — 0>/6 — i)» = — >. 
which, solved by quadratics, gives 

i=l[,/6 — 1+v'— 10— 2v^], 
1= i[V5 — !—>'— 10 — 2,^]. 
Taking the second value of z, we have 
I = i+1 = — J— t,/6,or.'+(Jy6 + i)l = — 1, 

which, solved by quadratics, gives 

I = — {[ v/S+l- ''— lO+Sv/S], 
or J = — j[v/6 + l + v'_10+2^6]. 

In this case wehaveforthethree roots of ^ — 1=0 
the following : 

1 = I, 

J' = -J-t-'-3. 
We have for the five roots of »• — 1 = 0, the following : 
1 = 1, 



. = jC^s — 1 +v — 10— gy/S ], 

c' = — j[v^S + l— %^— 10 + 2,/5 ], 

«• = - {[v'5 + H-v'— 10 + 2,/6], 

«' = ! [ V 6—1— v/- 10— 2,/61, 

Consequently, the fit^een roots of l" — 1 = 0, are 

1 = 1, 



o= i[y/6 — 1+v'— 10 — 2y 6], 

.'=- {[^5 + 1— %^^ :^io + g>/5 ], 
.■■ = -{[^5 + 1+-'— 10+"g7'8], 
.<= Jtv/S — 1— >'— T0~— 2,/6], 
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-3]x[>/6— !+>'- 

^JxCv/O + 1 '^ 

-3]x[>/6 +!+■/— w+a^&]. 



10 — Sv'S], 
10+2v/6], 



» = -([!->' 

4a = — J [1— ^ 
Jo- = ( [1 —V 
&>•= ill— ^ 
i.-^— f[l— v'33]x[,/6 — 1— v'—lO — 2v'6], 

»" = -i[l+^33], 

t'a=— ![!+>'— alxfv-S— 1+-'— 10 — 2v'6], 
i V = J fl + »'^31 X [ yS + 1 —%'- 10 + 23], 
4'o'= }[l+v'^3]x[v'5 + 1+>'=WT276], 
JV = — {[l+v'^31x[,/6— 1— v'— 10— 2v'61. 

If we extract the roots indicateil, to 7 places of decimals, 

and reduce the results to their simplest forms, we shall 
have 

1=1, 

a= 0.3090170+0.9610566','— 1, (3) 

a' = — 0.8090no4-0.5871863 v^— 1, (6) 

«• = — 0.8090170 — 0.5877863%'— 1, (6') 

o<= 0.3090170— 0.9610666%'— 1, (3') 

b = — 0.6000000+0.8660264%'— 1, (6) 

at = — 0.9781476-0.2079117%'- 1, ■ (7') 

••i = — 0.1046286— 0.9946219%'— 1, (4') 

M= 0.9135464 — 0.4067366%'— 1, (1') 

a*i= 0.6691306— 0.7431448%'— 1, (2') 

f = — 0.6000000 - 0.8660254%'—!, (6') 

«*■= 0.6691306+0.7431448%'— 1, (2) 

«•»<= 0.9136464+0.4067366.'— I, (1) 

.■M = — 0.1046285+0.9946219%'— 1, (4) 

o'i"= — 0.9781476+0.2079117%'— 1, (7) 

These tiDaginsry roots are each of this form, 

And in all rases, 

^+8"= 1. 



pintizedbyGoOglc 



366 GEHEILAL PHOPE&TlEfi OF EQVATI0B8. 

For a complete and full discussion of ihe Bmomial Equa- 
tioHy X* — -1 = 0, when n is a prime, the reader is referred 
to the 5tb part, VoL II, of Legmdre'a 7%eom dei JVom- 
hretj 3d edition, where he will find collected and demon- 
strftted the many beautiful theorems on tlus subject, which 
were first published by M. GavtSj in his Ditquinliomet 
^rithTiutictB. 

(292.) Before closing this subject, it may not be amiss 
to apprise the student, that the solution of binomial equa- 
tions are most readily found by the aid of Trigonometriflal 
formula. 

OEKERAL SOLUTION OF Atf IiXtUATlOM OF THE THIKD 
DEGREE 

(293.) We have seen, Art. 372, that an equation of the 
third degree may be put under this form : 

x*+^^+^,=0. . (1) 

If we assume x = y-f z, (2) 

we shall find j«= (y-|-2)»=y»+£»+3y2(y+s) 

.■.i» — 3yz.a: — y»— «»=0. (3) 

If we equate the coefficients of (3) with those of (1), 
we shall find 

J,= _3ya:, (4) 

^,= -y» — 2». <5) 

Which give y2 = — -5-', (6) 

»■+«■ — •«.■ (') 

Cubing (6), we obtain 

»'^=-^4 (8) 

Squaring (7), we get y*4-2y'2' + 2*=^J. (9) 
Subtracting four limes (8) from (9), and wc haye 
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a^— (m-|-»y 



lx'+(m+nV-t-('«+«)'+^.. 



(m+M)i*+«^i« 
(m+)i)a? — (»»-|-n)»j: 

[(m-H,)'-M,>+A 

[(m-f-»)M--^i]«-('»+«)M'»-H 'Mi 

(m-|-n)'-H'»-h»)-4i+-4s. 

As it regards this remainder, we see that siDce m-\-n is a 
root of equation (1), it will be BatisfiedbysubstitutinKm+M 
for x; making this substitutioD in (1), we find 
(m+nV+(m+n)A-|-^, = 0, 
which proves our remainder to Tanieh. 

Hence, the true value of the depressed equation la 

a;'-f.(m+»i)x-f(m+»)«+A=0. (16) 

This, solved by quadratics, gives 

(17) 



__()„-(-») ±-/—3(m^n)''—4A 



So that equations (15) and (17) give the three roots of 
equation (1). 

The two roots contained in (17) may be found from (16), 
as follows : Comparing equation (14) with (12) and (13), 
we find y»^m», z* = n*; therefore, by Art. 288, we have 




and 
are the three cube roots of 1 ; that is, 
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CASE I. 



(4'r+(fy 



In this case, the values of m and n are real, and e^cb 
equal to ^ — ^, and the values of x, given by (B), are 



^V-f, 




(1)) 


-V-f, 




m\ (B'j 


-V-1-. 




(3)\ 


CASE 


II. 





»'*"(4T+(t)">»- 



In this case, the values of m and n are both real, and 
unequal. Hence, the first root as given by equation (B), 
in real, whilst the other two are imaginary. 



m^m 



CASE in. 



In this case, ^nce I -^ } is positive for all values of ^^ 

it follows that •4i<0. This is called the irredueible cati, 
since m and n are both imaginary. , 
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'■is'-'*" 

where the values of p and q are given by (C). 

And sinre p and q are real quantities, it foUovs that the 
three roota a« given by (B") are real. 

GEHBRAL MLDTIOM OF AN E4UATIOII OF TBE FOURTH 
DEGREE. 

(S91.) Let the equation of the fourth dc^ee be put mder 
Ihts form : 

i'+-4ta:'+^*r+-3a = 0. (1) 

If we assume x ^ y-\-x-\-v, (2) 

we shall find x* = y'+2'+«'4-2(yz-j-ya-j-zu), 
or I' — (yH2*+«')==2(yz+yM+zu). (3) 

By squaring (3), we find 
x'- 2(s«+i'+.')i>+(,'+='+»')'= I ui 

Replacing y-j-z+x by 2, in (4), and transposing, we find 
x'-iW+z'+.',x'-S9z«.x (_„ ^j^ 



Now, in order that (5) and (1) may become identical, n 
must have 
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that their continued product may be affected with a contrary 
sign with Ji-i, so as to satisfy the second condition of (A). 

CASE I. 

WhmJt<<i. 

The four values will be as followt : 

s=-\-w—w*"—is'*"'X p) 

CASE II. 

WAen A>0. 
The four values will be as follows : 

«=— iv**— W»"— iV»"'.l 

*= — Tv'»'+i^/»"+iv'*"',C (D') 

The method of solving a cubic equation as given undn' 
Art. 393, is generally supposed to have originated with 
Cardan, an Italian analyst of the 16th century ; it is there- 
fore frequently referred to as Cardan*! Method. Montncla, 
in his Hutoire des Maihematiques, seems to have proved 
that it was also discovered about the same time, indep^ul- 
ently of each other, by 5c*pw Ferrnu and JVteofu 
Tiartalea. 

The above method for equations of the fourth degree, 
which is a close imitation of the method for cubic equatioas, 
was first given by Euttr, a distinguished analyst. 

Ag yet, analysts have not been able to obtain the genenl 
solution of equations beyond the fourth degree. 
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The substitution of tj will in like maimer give a succct- 
■ion of ^gns, of a certain number of Tariations and perma- 
bences. 

Now, the Thkorkh of StiTru consists in this : 

Thi diffebeitce bttxDten the number of voriaiions gw% 
hythejirstseriesof signs, and the number of variatiomgintii 
by the second series of signs, toUl expras exactly the huhber 
of reai roots of the proposed equation^ which are comprised 
ietawen p and q. 

(296.) We sball now proceed to demooatnte tlui htaor 
tifiil theorem. 

I. ConudM the fimctiao X in particular, and sappoae <tt 
16 a real root of X ^ 0. If we substitute ai -|-tt for x, in Xj ve 
shall obtain, Art. S73, a result of this form : 

AJr^u+'^,f + -^~yf .-; (I) 

where A is what X becomes when ai is put for z, and 

•fff J¥\ A"'f are the successive derived polynomials 

of A, found by the method of Art. 273. 

Now, by hypothesis, O] is a root of X=0, therefore ^=0, 
and the preceding expres^on becomes 

"(•^'+f"+S"'+ +"-')■ '') 

We can aiivays take u svfficietitly smalt to cause the qmoii- 
tity within the parenthesis of (2) to have tht same sign «f 
its first term A'. 

n. Jfjtn tht fiMctixms J:, JTi, ^, ^uwraiilv 

tvie any quantity a for x, it cannot happen that tvw comae- 
cvUve functions shall vanish at the same time. 

For take any three consecutive functions as Xh—i, ^,Xh-i- 
Tlien, by conditioiM (A), we have 

X,., = ^« — Xh-.- (1) 
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the functions of X, Xi, X^^ X,, will occur in the same 

order ; for, in order that the number of the variations and per- 
manences of signs should change, it is necessary that some 
one of the abore functions, as X., should have passed through 
the stage in which X,^0, which cannot have happened, 
since x is supposed less than the least value whidi can satisiy 
either of the equations (B). 

(S98.) We will now suppose that x has reached a value 
z=:a, which causes one of the intermediate functions X,j 

As, Xsy Ap-i, to vanish, without causing a: to vanish. 

We will also suppose X^ to be the one which vanishes when 
x = a; then by 11, under Art 296, we know that X,.-), 
■^K-f-i, cannot vanish, and by III, under the same Art., we 
also know that X^—i and Xn+i must have contrary agns. 
Now, if we consider the ^n of the vanishing term X. to be 
either plus or minus, the three consecutive functions Xm—it 
.Xgf X«+i, can produce only these two combinations of signs, 

Either of which gives one variation and one pemanencc. 

We know, by Art 297, that the signs of X»-i, X,+i, will 
not be changed from x = ktox = a, and since we are able 
to take u as email as we please, it follows that they will not 
be changed from z = atox = a-|-u. 

Hence, the kypotkem x:=a, iatroduced in the series of 

functioni Xf X\j Xa, , canproduce neiiher a gam or 

lost in the number of variations. 

(299.) We will now suppose that i = fli causes X to va- 
nish. Let [/and Ui represent the values of Xand Xijwhen 
x = ai-f-u. 

Represent, as in Art. 273, by J, ^?', ^", , the v»- 
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lues of X and its successive derived functions, when x = a. 

In the same way, represent by ^,,^,', ^i", , the 

values of X\ and its successive derived functions. 
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value of X to increase continuously, the number of varia- 
tions in the series of signs will remain the same, although 
the order of the succession of the signs may be changed 
until we reach another value, x^ os) which causes X to 
vanish, and which is therefore a root of ^=0; in which 
case a second variation must be changed into a permanence ; 
and so on. 

Hence, the number of variationt lott wAm x inereato 
from x = k tox:=k'j mtist be equal to the number of real 
roots of X=: 0, comprised between k and k". 

APPUOATION OF STUKH>8 THEOKEM. 

(300.) Before passing to the application of this theorem, 
we shall do well to pay attention to the following principles : 

I. In obtaining the functions X, Xi, Xiy. . . .^r} we are, 
by Art. 63, at liberty to introduce or suppress any numeri- 
cal factor, provided that it is positive ; but it is neceaaary 
to pay particular attention to the ^gns, and make only the 
(flanges mentioned under Art. 296, as the peculiarities of 
this theorem depend principally upon this change of the 
signs of JC, JTi, Xc,....X.. 

n. If we simply wish to know the total number of real 
roots, without fixing in any manner their limits, we need 
only substitute in the first terms of X^ X,, Xa,.. ..Xr, the 
values — « and + oo. 

EXAMPLES. 

1. HowmBnyrealroot8haatbeequation&^ — 6* — IsssO? 

The first dorived of 8i« — 6i — 1 is 24x'— 6, or sup- 
pressing the positive numerical factor 6, it becomes 4x* — 1- 

Now, applying to 8i* — 6x — 1 and 4x' — 1 the method 
of finding the greatest common divisor, we obtMn — 4x — 1 
for the first remainder, changing its signs it becomes 4x-f-l, 
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Therefore, the above equation has but one real root, and 
consequently, it must have two imaginary roots. 

3. How many real roots has x* — 2x* — l3?-\-\0x-{- 
10 = 0? 

In this example, we find 

jr= i«— '2jf> — 7i'+10x+10, 
Jt, = 2i'— 3»" — 7i+6, 
Jfi = 17«» — 231 — 46, 
*=162» — 306, 
X, = 524786. 

Whenx^i — oo, we find -I 1 (-, giving 4 variations. 

" .= +00, " + + + ++, " 1 " 
Consequently, the roots are all real. 
We also find 

when x= -j — | 1- giving 2 variations, 

« I = 1 H 1- « 2 « 

" z= 2 -t h" 2 " 

« «= 3 + + + + +" " 
•' x = -l _++_+« 3 " 

''» = — 2 1 1-" 3 " 

" . = -3 +_+_+" 4 " 

FrtMB vbich we see that the equation has two positive 
roots between 2 and 3 ; one negative root between and 
— 1 J and one negative root between — 2 and — 3, 

4. HowmaoyrealrootshasZj:' — 131'+ lOx— 19=0? 
Here we find 

jf _ 2x* — 13i» + ICte — 19, 
Jf, = 4i» - 13x+6, 
Xa^iar* — I6I+38. 
It is not necessary to calculate Xs and Xt, ^nce the 
two roofs of Xt= ISz" — Idz+SS =0, are imaginaTy, for 
(15)K4 X 13 X 38. See Art. U9, Formula (B). 
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Using only the values X, X^, X%, we have 
when a: = — CO + — + giving 2 variations, 

« a:=+x + + + " " 
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Therefore, when— 4^;— 27^J>0ot4^;+27-«J<0, then 
the three roots are real. See Case III, page 370. 



CASE II. 

WAm—iJ*—3n^\<0. 

This condition can be fulfilled for values of j9i either pon- 
tive or negatiTe, so that 

when x^ — co we have 1- ± — giving S variationi. 

" «: = +« « + + =F- « 1 « 

Therefore, when — 4^f — 27^J<0, or 4^J+27^J>0, 
then there will be but one real root, and consequently two 
imaginary roots. See Case II, page 370. 

CASE III. 



In this case, we know, by Art. 279, that there are two 
equal roots which will be given by 2^iX-|-3^i = 0. Hence, 
3^a 

7. How many real roots has x*-\'Aix'*-\'Aie-\-^f^Q\ 
Here we find 

X, = — 2^,1' — ZAit — 4-3j, 

Xa = (8^1 J:, — 2^f — 9A\ )x — A^M\-\-12^i), 
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CASE I. 
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where 7 is the quotient of X divided by Ai, sad r is the 
remainder. Now, since by (1) and (2), X and X^ are each 
zero, it follows that r as given by (3), must also be zero. 

(302.) fVMn which we conclude^ that if we operate upon 
the polynomials Xand Xi, by the fiuthod for finding the 
greatest common measure, we shall have the successive re- 
tnainders each eqtiai t» zero. 

If we arrange the polynomials viUh reference to eithtr 
of the letters^ before opiating upon them, we shall ulti- 
mately find a remainder independent of thai leiterf when 
the polj/nomiats have no common measure, v>hich remainder 
being put equal to zero, will give an equation containing 
but one unknown quantity. 

When the two polynomials have a common meotccre, it 
mutt be put equal to zero, if it contains both the unAnom 
qunntitieii then divide to^A po^rnomto^ by it, and proceed 
with the results as in the first case. 

Note. — In the operation of finding tlie greatest common 
measure of two polynomiala, it frequently becomes neces- 
sary to suppress factors, as well as to introduce new factors. 
When this is done, we must careAilly examine whether 
such fiictors are able to effect the final result. If no 
factors other than numerical, are either euppreesed or 
introduced, then the above method is r^dly correct, but 
in other cases, the rule would require some modification. 



1. Obtain from the two equations 

x«+xy+y»-l = 0, (1) 

a:»-fy<=0, (2) 

a single equation in terms of y. 
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(y+iy-(3yH-3y'~y-l>*+(2S'«-2y ) 
+(3y*+3y=-f3H-3)**— (2y*— 4y'— 4!^-l)a^ > =0, (1) 
— (2y»+3y-^)a:+y— 1 ) 
3xV— (3a;'+2xV+C2x'+3i'— ar)y > 

Proceeding with these equations agreeably to the abore 
method, we find for the first remainder the following: 
3xV — 2«y+3a; — 2. 
Repeating the process, we find for the second remainder, 
the followin g: 

3^-{^-\.X*+3^^3f+X+ 1 , 

which being put equal to zero, gives for the equation sought, 

i«-|-a:*+a:*+x»-f-a;H^+l =0. 

3. Obtain an equatitMi independent of y from tiie two 
equations 

acV+(3«*-3x)y»-(2x''— i)y= )^_ . , 

+(i«— 2«'+2a: — 3)y+a^-x— 2i " ^ ' 

3iV~3a^'—{2i*— *)?+*'+* — 3=0- (2) 
Ans. x" — X — 2=0. 

{303.) When we have three equations involving three 
unknown quantities, we must first eliminate one of the un- 
knowns by combining either of the equations with the other 
two ; we shall thus obtain two new eqoatioM involving 
only two unknown quantitieR, whidi, as we have just shown, 
will give a &nal equation involving but one ui^own quan- 
tity. 

IXAHFLES. 

1. Obtain an equation containing only x, from the three 
equations 
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I+y»_B=0. (1) 

j,+2»_fe=0. (2) 

z+x* — c=0. (3) 

Elimiaating 2 between equatioDS (2) and (3) we have the 
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-._4k'+(6J'-2«y-(4i»'-*«»)»'> „i 
+J+6'+a"— 2o4"— e> ' ' ' 

3. In a similar maimer, find three equations each coatain- 

ing but one unknown quantity, from the three equBtaona 

»"-f«j— « = 0, (1) 

»'+y5-4 = 0, (2) 

s'+ii— c = 0. (3) 

First, eliminating z between (3) and (3), we find 

y — ij" — (2i+oy+>'*+»' = '>- W 

Secondly, eliminating y between (1) and (4), we find 
3^_(7o+3J+t)i'+(9a>+5«6+3nc+J»).<)_ 

By permutatiag these letters, we find 

2j'-C7H-3i:+»V+(9i'+6lc+3J. + eVi_nm 

S«'-f7e+3«+iy+(9.'+6«i + 3cJ + J')i')_ 

— (6c' + Srt.+ t*)»'+e'i '^ ' 

If a— 16, i = 17, andi: = 18. 

Then will the eight sets of values be 

fl = ± 4.173281, 

1. J » = ± 4.387098, 

( 2 = =F 0.330363. 

J » = ± 2.626616, 

J J = ± 2.969166, 

: ± 3.240679. 

: ± 0.418924, 

} » = ± 3.913340, 

: ± 4.048877. 

f I = T 4.003766, 

I < » = ± 0.007100, 

( » = T 4.246971. 
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CHAPTEfilL 



NUMERICAL SOLUTION OF CUBIC EQUA- 
TIONS, AND EUUATIONS OF 
SUPERIOR DEGREES. 

(306.) Let ^,i»+^*r»+^a!c = ^*, (1) 

be any cubic equation, and suppose that two cotUKcatiTe 
numbers in eitheTi>.of the serieB 

, 2, 3, 4, 4c." 
10, 20, 30, 40, &c.^ 

(A) 

0.1, 0.2, 0.3, 0.4, Stc.( 
0.01, 0.02, 0.03, 0.04, &c.' 
fcc. 

are fouml Euch, that by substituting the first for x in equa- 
tion (1), the result shall be less than ^4, and by substituting 
the second, the result shall be greater than ^t ; then, by Art 
363, the first of these numbers, omitting the cyphers if it 
have any, will be the first figure of one of the roots. Let 
this figure be denoted by ri,and the other succeeding figares 
of the same root by rg, rj, r^, &c., respectively. That is, 
n, fa, ft, *'4, 4c., are the local values of the successive fig- 
ures of the root. 

If for Xj in equation (1), we substitute its first figure Hi 
we shall have ^ir»-j-^^»-|_^^, = jj^. (2) 
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If we put y for the excess of the true root above its first 
figure, we shall have i^ri-|-y ; this value being subflti- 
tuted in (1), we get 

^iy*+ ^'sy' 4- ^'sy + B = A, 
or j3y+^V4-^sy=-^'». (*) 

where ^ 3 = A+aAri, (1) ) 

A' 3=^3+2^2ri+3^H-:, (2) S (B) 

Equation (4) is in all respects similar to the ori^al eqna- 
tion (1); therefore, repeating the above process Upon ttiis 
equation, 'ye ehall obtain 

where r% is the first figure of the root of equation (4), or the 
secimd figure of the root of equation (1). Putting z for the 
sum of all the remaining figures, we have y=ri-|-2; this 
value substituted in (4), gives 

^iz'+SArsZ^-i- 3-3,r;2-j- Airl= .^, 

or ^,s'+^"l!2' + ^"3Z = ^"4) (6) 

where ^"i = ^'a+3A*-a, (1)) 

j3"3 = ^'3+2^'«*^+3j3ir;, . (2) J (B') 

^4" = ^'4— ^Va— -^v; — ^'■5- (3J ) 

Here, again, equation (6) is similar to equations (4) and (1) 
50 
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We might now proceed to find the firat figure of the 
root of equation (6), the value of which must be sachj that 
we shall have 



^'%-^A"^-\-Jisr\ 



(7) 



(306.) Now, by observing the formation of the coeflt 
cientg Jt%, Ji't, in equation (6), and recollectii^ that n 
being the first figure of the root, must be greater than m <t 
will appear obvious that ^a must constitute the lai^cst 
portion of ^'a + ^iff + ^jrj, which is the doiominator 
of the value r* as given by (5), and if n is alseady known, 
then (2), of (B),wiII make known ^fg, which may be used 
IS a trial divisor for finding r^, the second figure of the 
root ; the same may be observed of the succeeding divisors, 
and it is obvious that these trial divisors JF'g, A"'ty &c., 
will continually approach nearer the true divisdrs. 

(307.) If we muhiply tbe first coeffident by riband add 
the product to the second coeffident, we shall find 

^.+Ar.- (8) 

Multiplying expression (8) by ri, and adding the product 
to the third coefiicient, we have 

-93 + ^rf-, + ^irr (9) 

Multiplying expresnon (9) by n, and subtracting the 
product from ^4, we have 

At — Agri — A^\ — jJ,r?. (10) 

Again, multiplying the first coefiicient by rj, and adding 
the product to expression (8), we have 

^»+2^.n. (U) 

Multiplying expres^on (11) by ri, and adding the pro- 
duct to expression (9), we have 

^j+2^,r, + 3^,rj. (12) 
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Again, multiplying the first co^cient by r\, and adding 
the product to expression (11), ve have 

A+S^ifi. (13) 

Expressiona (13), (12), and (10), are the values of the 
coefficients ^\, ^'t and .^U respectiTely, of equation (4), 
as given by (B). 

(308.) From the abore method of operation, we dis- 
eorer that the root of a cubic equation hating numerical 
coeffidenta, can be found by tike following 

RULE. 

I. Bavmg found the firrt figurt of the root, multiply it 
into thefirtt coefficient, and add the product to the tecond 
coefficienty tehich mm, mvltiply by the tame figure and add 
the proAtct to the third coefficient, multiply this lattsum by 
the tame figwe and tvbtriut the product from the term 
which eomtitutet the r^ht'hand member of the equation; 
the remainder we ihaU call the fixst DtrimKO. 

-Again, multiply the firH eoe^Eeuirf by the tame figure, 
mtd add the product to the latt nutnber imder the tecond 
coefficient, wMeh turn miutt be ftudtiplied by the tame figure 
and the product added to the latt number tmd«r the third 
eceffieient, the retult vie thall call the riaST tkui. ditisok. 

^gain, multiply the firtt eo^deat by thit tame figure^ 
and add the product to the latt number tinder the tecond 
co^eient. 

n. Find the tecond figure of the root by dividing the 
FiuT DiTiDun> by the naar tbul ditibob, proceed with 
thit tecond figure preciiely at mu done vith the firtt figure, 
obfenmtg to keep the teork to that unitt shall itand under 
Utntt, tent under tent, ^c, tpc. 

Note. — The above rule bears i close resemblance to 
the rule for extracting the cube root of a polynomial, as 
given under Art. 106. 
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EZAUFLES. 

1. Find a root ofthe cubic equation 3i*-f-2z*-|-4*=76. 

4 4 -i OPERATION. a 

III i ll# 

U B 11 H II II II II II 

3 2 4 75(2.5779&c.= x. 

8 20 40 

14 48 =■ 1« tli»l dWiiOr. — 

20 6875 36 = fl™idi'ridmd. 

216 7025 = 2dlri«ldiW»or. 293T6 

230 719797 

S45 . 737S4I a 3d trill diriKW. G6S9 =>2d diTidand. 

2471 739001S7 S038579 

3492 740T6361=4thtTuldiviKtl. — 

2513 7409903713 



2&1957 



S. Find one of the roots of the equation 
7a:»+i''— I4j:=1675. 
11 — 14 1675(6.3676&c^x. 

43 244 1464 



1284 

1298 

1312 

13102 

13204 

13246 

132509 

132658 

132007 

132fill2 


80564 

8135372 

8ai45B6 

B223STlfi3 

823316069 

82339463672 


i&a93fi 

BaOM 

48S19932 

6251768 

S756710141 


495067869 
494036781432 

1021077668 
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3. Find a root of the equation Sa^ — 2*^+1=3. 
3 —2 1 3(1.1417&c.= i. 
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6. Find a root of the equation a:*+a?+70x = — 300. 
1 1 70 — 300(— 3.7387Mtc. = x. 



—87 103BT 

— M 1039T38 

_ 101 I0127S7 

— toil 104360284 
— lOIS 104441B33 

— lOlt 10444g082» 
_10US 10445^3307 

— I090S 104467]Uia71 

— 10314 
— t021«T 

— 1021M 
— 1021CI 
— lQ£lCt» 



(310.) When the second or first power of z is wanting, 
we must eonnder its coelBcient m bong ±0. 

6. Find a root of the eqoalion z* — 13x=£28. 
1 ±0 — 12 28(4.302134c.= «. 



m 


4S47 


11907 


13S 


4MB9a04 


— — . 


139 


4S9S161S 


93 


12902 


4303290361 


B6BB1608 


nm 


43SB4l9m 




I290S 


48U4SB04199 


6008899 


129061 

it9on 




4U2n026l 






1SMM3 




166610178* 


llMWn 




13067874U697 
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7. Find a root of the equation 2x'+3x* = 8&0. 
! 3 ±0 860(7.060264c.= x. 



4SI0 


3406 )M 


1691X760 


4620 


340ftS4O«O0e 




4530 


34053312034 


ST290 


453004 




6B1O4819016 


453008 

4S3012 








»I4&1ST984 


4S30I30 




17038769266S 



"3118418718^. 

(311.) In all the preceding examples, the first figure of 
the root haa been in the units' place ; ve will now add two 
examples in which the fint figure is in the tens* place. 

8. Finda rootof theequationSi* — 7x*+13z=45000. 
3—7 ,13 46000(25 .404&c. = x. 
08 ' 1073 Z14«> 
118 3333 



ITS 


4»S 


33640 


188 


9MB 


31S6B 


208 


oaran 


^^ 


218 


948884 


2I7ft 


8181 


»U472>448 


21B037S 


tm 




^__ 


ttl6 




247« 


s»«ts 




31868906793 



3869094306. 

9. Find a root of the equation x'+eOx^ — 800z=60000 
60 —800 . 60000(30.537&c.=z 

go 1900 67000 
120 5900 



iBse 


665076 


2787036 


1610 


565S1939 




1016 


966684X7 


313m 


»IS8 


6600903878 


100666877 


ISIM 






16181 




42716133 


15IB87 




39628327163 
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(31S.) The method of proceeding, when the first figure 
is of & local value greater than ten, will be obvious. 

We will add two examples in which tlie first figure is in 
the tenth's place. 

10. Find a root of 10e» — 24z^— 30i = — 6. 
10 



-24 


— 30 


— 6 (0.1768 &C.= 


—23 


— 323 


— 323 


—22 


-345 





—21 


— 35921 


— 277 


-203 


— 37293 


— 251447 


— 196 


— 3T40604 




-189 


-3751872 


—25653 


— 1884 


— 275336396 


—22443624 


— 1878 

— 1872 








-3109376 


-18712 




-3002696168 



11. Find aroot of the equation i*-|-9i:=6. 



±0 



6 (0.6378 &c.=«. 
5616 



1008 

101349 

101907 



350077848. 
(313.) By reviewing the foregoing examples, we discover 
that the last terms under the third coeffici^t, or the trial 
Jivisors, remain unchanged in several of its left-hand fig- 
ures, thus in example 1, 740 is common to the left-hand of 
the last two terms under the third coefficient. In example 
3, the figures common are 8233. In example 3, the figures 
e 816, and so for the succeeding examplcB. 
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It is evident, that if we omit all on the right of 
the constant figures of the last tenn under the third co- 
effident, and also omit from the right of the laat dividend, 
the same number of figures save oue, we may then divide the 
remaining figures of the dividend by the remainiDg figures 
of the last tenn under the third coefficient, by long division ; 
and as many additional figures of the root may in this way 
be found as there are figures in the divisor thus used. 

IS. Find a root, to 8 decimals, of the equation 
«»+i' = 600. 
1 1 iO 600(7.61727976&c.=«. 



m 


1S89S63 


3264 


2381 


J81I1231S8 


1887IS1 


23SS 


1S9390D8T 




2383 


18929483724 


1378819 


23837 


lft9».9607B2 


I32386S1I3 


23844 
238S1 








a29H887 


238B1S 




378S896744S 


2B8GI4 








190979.19952 
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EXPLANATION. 

After finding 4 decimal places in the root by the prece- 
ding rule, we cut off 6 figures from the right of the last trial 
divisor, thus leaving the constant figures 18929 ; and from the 
right of the dividend we cut off 5 figures, leaving 150979 ; 
we (hen divided 150979 by 18939, by the rule for abridged 
division, (see Higher Arithmetic,) and thus obtained the 
additional figures of the root. 

13. Find a root, to 10 decimals, of the equation 

1—17 64 350)14.9540686096. 

— 7 —16 —160 



25 


21343 


tR2 


259 


214S175 


70379 


268 


2162075 





277 


ai 63189 


ri62i 


2775 


2I64303J8 


10740875 


2T80 


2161330197236 




2785 




R801Z5 


27854 




8662756*1 


2785? 






27862 




14849336 


2786206 




12985921163416 




186341.4816584 






173I4T 






13IS4 






12966 
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314.) Thus far we have sought only one of the roots of 
our equations. If we wish the three roots, we may divide 
the given equation, when all the terms are transposed to one 
side, by the uolniown quantity minus the vaUe of the root 
found by the above method, we shall thus depress the cubic 
equation to a quadratic. (See Art. 255 .) 

14. Find the three roots of the equation 

ii_15i»+63a: = 50. 
Here, we soon discover that one of the roots lies between 
1 and 2 ; seeking this root by the above process, we find 



-16 


63 


$0(1.028039231 6 


— 14 


49 


49 


— 13 


36 


_ 


— 12 


3S7604 


I 


-~11SB 


3»62U 


716306 


— 1196 


3S426J44 





— 11M 


35330392 


284792 


— 11932 


353299940209. 


283406952 


-I19M 


3S329.6370427 




— 11916 




1386048 


— 1191697 




1059899835627 


— IISIBM 








326148.164373 






317967 



Now, dividing x^ — ISr*-)- 63x — 50 by x—1 .02803923 
we find, for a quotient, the following : 
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J*— 13.971960-37Z+48.6362762. 
Hence, we have this quadratic equation, 

3»— 13.971960771 = — 48.6362762. 

This solved by the usual rule for quadratics, givts the 
following values : 

1 = 6.576535 ; 1 = 7.395426. 
Therefore, the three roots of *«— 16a:S+63a;=50, are 
■ 1.028039 ; 6.576535 ; 7.395426. 

(315.) From the work of the last example, we see that 
we need only seek one of the roots of a cuhtc equation by 
the foregoing rule, as the other two may then be found by 
the solution of a quadratic. When all the three roots are 
real, it will frequently be as simple to find them by the 
foregoing general method. But when two of the roots are 
imaginary, we must proceed agreeably to the last Art. 

15. Find the three roots of the equation ** — 16i= — 21. 
Applying the principle of Sturm's Theorem, we find 

X =i»— l5z+2], 

Aj = i» — 5, 

Xi = 101 — 21, 

Xa = 59. 

For x= — 00, we find 1 h = 3 variations. 

« .= + «., " + + + +=0 " 

Therefore, this equation has three real roots. 

For X = — 5, we find 1 f- ^3 variations, 

" ' = -4, " + + - + =2 " 

■' X = 1, •■ + + =2 « 

" I = 2, " 1- = 1 " 

" ■'= 3. " + ++ +-0 « 
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Hence, there is one negative root between —4 and — 5 ; 
one positive root between 1 and 2 ; and one positive root 
between 3 and 3. 

For the poative root between 1 and 2, we have the fol- 
lowing 

OPEKATION. 

1 ±0 —15 — 21(1.769149632 &c.=x. 



44 


— 60304 




61 


-5T«« 


— 413 


BI6 


— HIIH99 


— M1224 


6SS 


— H1IB17 




528 


— Ml 138629 


— 61770 


5S89 


— »108fl607 


— 60936391 


5296 
6307 


~ M10.e432764 




-839609 


03071 




— 6811386X9 


68072 
63073 








— 278470371 


S30734 




- 224426731066 
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For the negative root, we have the following 



OPERATION. 



—21(— 4.441621651 &c.=x. 



— 12 


3796 


-17 


~m 


4308 


-16184 


-138 


436096 




-132 


441406 


-1816 


-18S4 


44164131 


— 1744384 


-1328 
— 1SS2 


44167443 
4417H3TKI 




- 71610 


-13S2I 


4418343168 


-44154121 


— 1SS22 

— 13323 


44 18.3898 17M 




-2T46I87B 


-133338 




— Sefi0626!296 


— 138342 
-183348 








— B66616T04 


-1332482 




-883873963688 






- 7294 J7404W 






— 4418 












—3876 






— 2861 
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NUMERICAL SOLTJTIOW OF HIGHES EQTJATIoire. 4(^ 

For the positiTe root between 2 anil 3, we have this 

OPERATION. 

I J.0 —16 —21(2.672472018 &.c. = x. 

2-11 -23 



787 


64027M 


40Slti3 


7M 


64IB7fi2 





601 


842195866 


1B837 


8012 


642616638 


12805448 


SOU 


642S.72648B9 




8016 




3041682 


801M 




SH87834iM 


80168 








80IT2 




462768676 


801727 




449800854223 




12967.721777 






13851 



Hence, the three roots of x* — 15x=s — 21, are 
I = — 4.441621661 ; 1.769149632 ; 2.672472018. 
16. Find the three roots of the equation 

KKKKkt" — 4619i>+ 666i = 32. 
Applying Stunn's Theorem to this equation, we find 
X = lOOOOi" — 4619«'+666i — 32, 
X, = SOOOOi" — 90381+666, 
X, = 942722J— 126136, 
X-, = 6426404670000. 
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4UB mntBRICAL SOLUTION OF HIGHKR E4XIAT10N8. 

When z = 0, we find 1 1- =3 variationB, 

« r=l, « ++ + +=0 « 
Hence, the equation has three positiTe roots, each less 
thu 1. 

When X =0.1, we find 1 f-=:3 variations, 

« x=0.2, " -f + 4- + =0 " 

Which shows that the first figure of each root is 0.1. 

Again, whenz=0.11, we find 1 l-=3Taiiations. 

« «=0.12, " ++ — +=2 « 

« x=0.13, " H + =2 " 

" z = 0.14, " 1--|- = 1 " 

« a:=0.19, " 1- + + = 1 " 

From this, we discover that the first two figures of the 
least root are 0.11; the first two figures of the next root are 
0.13 ; the first two figures of the other root are 0.19. 

For the first root we have the following : 
10000 -4519 666 32 (0. 1 19603816&C. 

~3519 3131 3131 

— SS19 612 

— 1619 4701 66 
— 1419 3382 4T0I 

— 1319 236W 

— 1219 t430S 2199 

— 1139 138360 21S931 
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mJMERICAt SOLmoK OF RICHER SQVATION8. 

For the second root we have the following 

OPERATION. 



10000 -4519 


665 


32 (0.137139216&C. 


— 3S19 


3131 


3131 


— 2019 


612 


^_ 


— IS 19 


2463 


60 


— 1219 


— 294 


73S» 


— 919 


-6783 





— «1» 


-10136 


— 48* 


— 64ft 


— 101768 


— 47481 


— «79 


-108175 




—409 


— 10S29671 


— I4I9 


— 40S 


-10241833 


— 101768 


— «7 


— I0S4.H7809 




— 406 




—40132 


— 4on 




-30689013 


— 40H 






— 4W1 




-9442967 


— 40MI 




— 9220930281 




— 22U.Se7» 






— S04» 
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410 IfUHEKICAL SOLUTION OF HI6HES EQUATION. 



For the third root ' 


ne have the 


foIlowiDg 


lOOOO 


— 4619 


665 


32 (0.195256967 &c 




— 3519 


3J31 


3131 




— 2619 


612 







— 1619 


M9 


69 




— 619 


3078 


4MI 




381 


36939 







1181 


43340 


1959 




1231 


436066 


184676 




1281 


438736 


.. 




mi 


43940476 


11226 




1333 


44007370 


872132 




t33S 


440.1M0636 






1337 




260368 



Hence, the three roots of the equation 

lOOOtti" — 4519i>+666i = 32, 
ere 0.119603816; 0.137139316; 0.19S266967. 

17. Find the three roots of the equation x'-(-2a^ — 3x=9 

Applying to this equation the Theorem of Sturm, we find 

X =i"+2i'— 3«— 9, 

X,= 3i»+4i— 3, 

X, = 261+75, 

Jfj = — 7047. 
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KUMERICAL SOLUTION OF UIGHE^R EQUATIONS. 411 

When z ^ — x, we finil 1 = 2 variations, 

« x = +a,, " + + + - = 1 « 
« X = 1, « _ ^- + _ = 2 " 

« X = 2, «+++_ = ! « 

Then this equation has but one real root, which lies 
between 1 and 3, the other roots being imt^nary. 

We find the real root by the following : 
12 3 9(1.939465 &C.—X. 



se 


1H3 


8379 


68 


lS6ei9 





77 


1G8MT 


621 


773 


16964891 


469867 


77B 


[6036163 




779 


1603.828996 


1S1143 


77B9 




143664019 


7808 






7817 




7468981 


78174 




6416315964 




10436.66016 



Diriding x'+2i»— 3x — 9 by x— 1.939465, we find 
x» + 3.939466X + 4.640465 for the quotient. 
Therefore, solving the quadratic 

x»+ 3.939465X = —4.640455, 
we find the following ima^nary roote, 

_(— 1.96973 + 0.87213%^^, 
^ j _ 1,96973 — 0.87213 V— 1 . 
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41S IIUHSBICAL BOLVTION OF HIGHER EQUATIOKS. 

18. Find the three roots of the equation i* — 5i*-(-8«= 1. 
By Sturm's Theorem we have already found, page 381, 
X =i» — 6i"+8i— 1, 

j:,=3i'— lOi+s, 
jr,=2i— 31, 

X, — — 2S96. 

When* = — 00, we find 1 =2 variations, 

" i=+«, " + + +- = 1 " 

" 1 = 0, " — H =S " 

" 1 = 1, « ++ = 1 " 

Hence, thia equation has one pocdtiTe root which lies be- 
tween and 1, and two imaginary roots- 
Its real root is found by the following 



1 (0.l362934&c.=*. 



By dividing x' — Sx'+Si— 1 byi — 0,1362934, 
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MUHEKICAI. SOLUTION OF H10HE& EQUATIONS. 413 

we find the quadratic a:a_4.8637066a: = — 7.3371089, 
wbtch gives the following imaginary roots : 
_( 2.43185 + 1.19298 v'^, 
^ ~ ) 2.43185 — 1.19298 ^'—l. 



19. Fiod one of the roots of X* — 2i=5. 

Ans. a:=2.09465148&c. 

20. Findone of therootsof2x»+aE = 90. 

Ans. x=3.41639726&c. 

21. Find one of the roots of i»+x«+x= 100. 

Ans. x = 4.26442997&c. 

22. Find one of the roots of x^-\-x = 500. 

Ans. x = 7.89600828&G. 

23. Find oDc of the roots of 2*+10i»+5x = 2600. 

Ans. 11.00679933&e. 

SOLUTION OF EQUATIONS ABOVE THE THIED DEGREE. 

(316.) It is obvious that the above method which we have 
employed for cubic equations, will apply equally wel! to 
equations of a superior degree. By carefully studying the 
preceding method, we shall be able to deduce, for equations 
of Ihc nth degree, this general 

RULE. 

1. Having found thr first figure of the root, multiply it 
into the first coefficient and add the product to the second 
coefficient, which sum multiply fey Me same figure and add 
(he product to the third coefficient, and this sum must be 
multiplied by the same figure and the product added to the 
fourth coefficient; and so continue to multiply the last re- 
sult by tins same figure and to add the product to the next 
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414 HUMEKICAl. SOLUTION OF HIGHER EQUATtOKS. 



succeeding coefficietU^ until the last coefficient is reached, 
which lait sum must be multiplied by the same figure mtd 
the product subtracted from the term constituting the right- 
hand member of the equation; the remainder uw will call 

the FIRST DIVIDEND. 

Again, multiply the first coefficient by the tame figure, 
and add the product to the number under the second coeffi- 
cientj which sum mMst be multiplied by the same figure, 
and the product added to the term under the third coefficiait; 
and thus we must continue to multiply and add, until we 
have obtained the secottd term under the last coefficient, which 
result we shall call the first trial divisor. 

Again, multiply the first coefficient by the same figure of 
the root, and add the product to the last term under the 
second coefficient, which result must be multiplied by the 
same figure, and the product added to the last number under 
the third coefficient; and thus we must continue to iMdtiply 
and add until we reach the coefficient next to the last, when 
we must again begin with the first coefficient and multiply 
and add as before, until we reach the n — ^h coefficient; 
then, again, comanencing with the first coefficient, we must 
mmltiply and add until we reach the n — Zd comment; we 
must continue this process, until we have thus obtained n 
terms under the second coefficient, n — 1 term* under the 
third coefficient, n — 2 terms under the fourth coefficient, 
n — 3 terms under the fifth coefficient, and so of the rest. 

II. Find the second figure of the root, by dividitig the 
FIRST DIVIDEND by the FiEST TEiAL DIVISOR, proceed with 
this second figure, precisely as was done wUh the first figure, 
observing to keep the uiork so that units shall stand under 
units, tens under tens, 9(c., ^c. 

EXAMPLES. 

1. Find one of the roots of the equation 
3x*-+x''-\-ix' + 5g = S15. 
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NPUEBICAL SOLUTION OF HIGHER EQUATlOtrS. 415 



OPERATION. 



376(3.13364 &c. = z. 



175 


397873 


17873 


416122 


17249 


421744861 


18628 


427402264 


1874287 


427.971813721 


1886801 




1897342 





. Find th« fotir roots iH tlie equation 

«« — 80i«+ 199aE>— 14937^ = — 5000. 



EST OPEBATION. 

- 14937 — 0000(34.83228 & 



B1944 


2078088507 


10868416 


860S2 


210B862348 




91224 


2107697832068 


67 1684 


9140169 


210.9533653472 


6235165621 


9157947 
9175734 








480674479 


917743044 




4215395664176 


917S606S2 








691.349125824 
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416 HDMEUCAL SOLUTION OF UI6HEB EQUATIOHS. 

SECOND OFEKATIOH. 

I — aO 1998 —14937 — 5000(32.O6O29ftc.= 

— SO 4K 3 M) 

— 20 —102, —3067 

10 19B — M93 -5090 

40 362 —1753 —4986 

42 370 — 172!ilOe9B4 

44 462 -169.7040736 —104 

46 4618836 — 103S0641904 

48 457T708 

4S06 —49.358996 

48» —34 



TUIBD OPERATION. 



-80 


1098 


— 14937 


— 5000(1 2.T5644b 


— 70 


1296 


— 19S7 


-19570 


-60 


696 


6023 




— » 


198 


sas7 


14570 


— 40 


122 


5367 


10534 


-88 


60 


5339063 





-36 


— 18 


5296132 


4036 


-34 


-3991 


5291946125 


37373441 


-32 


-6133 


5287.687500 




— 313 


— 8236 




2966559 


-306 


-837176 




264S«730a2ft 


— 399 


— B5I725 








— 292 






34068.59375 


— 2916 






31726 


-2910 
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MnMERICAL SOLUTION OF HIGHER EIJUATIOM«. 417 
FODBTH OPEIRATIOM. 

— 80 1998 — 14B37 — SOOO (0.3B098tc— a. 

— 797 197409 — 143M773 — 43034319 
—794 195027 — 137S9692 ■ 

— 791 192664 —13663561875 —6965681 

— 788 19226025 —135.67638500 —68317809375 

— 7875 19186675 

_7870 —133.9000625 

-122 



Hence, the four roots, true to 5 decimal places, arc 

34.83228; 32.06029; 12.75644; 0.35098. 
3. Find the four roots of the equation 

x*-j-4:E^— 4a:'— llar+4 = 0. 
By Sturm's Theorem we have 

X =a:*+4a:' — 4x»— 111+4=0, 
Xi = 4i»+12x»— 8i — 11, 
X.~20x'+26x — 27, 
ii=227x-|-31, 
3^4 = 1547988. 

Whenx= — 5, we find 4 1 (-=4 variationi. 

i = -4, " - + + -+=3 " 

x=— 2, " 1- + -+ = 3 « 

x=-h " + + + =2 " 

x= 0, « + + +=2 " 

x= 1, " + + + = 1 " 

x= 2, « +++ + +=0 « 
Hence, theie is one negative root between — 5 and — 4 ; 
one n^ative root between — 2 and — 1 ; one po^tire root 
between and 1 ; and one pontive root between 1 and 2. 
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418 NUMERICAL SOLUTION OF HIGHER EQUATIONt. 

These roots when found are 

J = — 4.2834, 

I = — 1.6908, 

«= 0.3373, 

»= 1.6369. 
4. Find one of the roots of the equation 

2»'+6l'+6»3+2»»_3i = 300. 




6. Find one of the roots of the equation 
2»« — Ti'+IO.— 9 
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NUMERICAL SOLUTION OF HIGHER EQUATIONS. 419 
, OPERATION. 

-7 10 9(1.630101025 b«. 



6 5 — 1 , 5499S 4 

8 13 10332 217760 329952 

10 1972 27128 2326581363 

112 2716 48320 2479627610 70048 

124 3532 4D6604M 24801 51fi0593963002 6979744086 

136 4420 S1015416 24806.7&44722(»«)lO 

148 446818 52384940 20055914 

160 45I6M 623S9553963002 248015150563963002 

1606 466608 K!3M168O690O3 

1612 461380 2643.989446036998 

leiS 4613963002 MSI 

1624 4614126006 



6. Fini one of the loota of the equation 



OFBKATION. 



3 


3 , 


4 


5 


64321(8.4144 ftc. 


10 


83 


668 


6349 


4279S 


IS 


227 


2484 


26221 


__ 


36 


435 


6964 


277334336 


11629 


34 


707 


6263584 




1108897344 


42 
424 


72396 
74108 


6550016 
6853360 


3041106122401 
304.7874011606 




44003656 


428 


76836 


BSGl 122401 




3041106123401 


432 
436 


77580 
7762401 


6868889204 








1359.160477699 


440 


7766803 






12H 


4401 








__ 


4402 








U> 
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SOLUTION OF HIGHEB SQUATIONS. 

7. Find a root of the equation ^ 

ae*" + 28I1:' - ST&t" + 298i = 26. 

Ans. 1=0.77933994 «tc. 

8. Find a root of the equation 

Ans. 1 = 0.20905692 &c. 

9. Find a root of the equation 

i"+ai' ^-Si" + 4»' +6x"+6i=664321. 

Ans. I = 8.96697957 ate. 

10. Find a coot of the equation 

Sj^— 6i«— 6»' + 20i< + 2«' — 18i» + 4i = 4. 

Ans. 1=2.62699736 fcc; 
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